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I 
AGGREGATES OF ZERO MEASURE! 


I 


E say that a linear aggregate E is of measure zero if, 
when we are given a number € arbitrarily small, we 
can inclose all the points of # within intervals whose sum is 
less thane. For an aggregate of two dimensions we have a 
similar definition, replacing the intervals by the rectangles. 
Moreover, we see that we may speak of squares instead of 
rectangles, because if we are given a rectangle we can find 
a finite number of squares of which the total area differs 
as little as we please from the area of the rectangle, and 
such that every point within the rectangle is also within one 
of these squares. We could also replace squares by circles 
without altering the generality of the definition. 
Aggregates of measure zero play a very important part in 
the theory of functions of a real and of a complex variable. 
It is therefore useful to be able to compare the different 
aggregates of measure zero among themselves. This com- 
parison is aided by the concept of regular aggregates. In 
the first place, then, we shall define regular aggregates and 
the fundamental points of these aggregates, and we shall 
show that every regular aggregate is equivalent to another 
regular aggregate of which the fundamental points are 
chosen in a special manner, for example, as the points with 
rational codrdinates. Finally, we shall consider the classifi- 
cation of aggregates of measure zero, with given funda- 
mental points. This classification will be based on the 
asymptotic decrease of the intervals (or squares) of exclusion. 


1 Translated from the French by Professor Griffith Conrad Evans, of the Rice 


Institute. 
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An aggregate of measure zero is said to be regular when 
it can be defined in the following manner: 


Let Ay, Aa, *°, Any ++ be a denumerable infinity of points, 


said to be fundamental points. To each integral number h let 
us make correspond an infinity of squares CY, Cz, «++, Cy, ***5 
of which the areas form a convergent series, such that the 
square C® incloses in its interior C?*? and approaches A, 
when h increases indefinitely. Let E, be the aggregate of 
points inside of the squares CP(n=1, 2,+++). The aggregate 
of points contained in all the E, 1s a regular aggregate (which 
is evidently of zero measure). 

- Every aggregate of zero measure can be considered as 
part of a regular aggregate. In other words, if 4 is any 
aggregate of measure zero, we can define a regular aggregate 
E of zero measure, such that every point of 4 belongs to £. 
To prove this proposition let us imagine a sequence of num- 
bers €, €2, ***, €,, decreasing and tending to zero, the series 
xe, being supposed convergent. Since the aggregate 4 is 
of measure zero, we can define an aggregate 4™ of squares 
(with sides parallel to the axes) the sum of whose area is less 
than «, and such that every point of 4 is inside one of 
these squares 4. We define first the squares 4, then the 
squares A”; if there are portions of these squares 4™ which 
are outside all the squares 4, we can suppress them as 
useless. In order to proceed in a perfectly definite manner, 
we consider the first of the squares 4, say A™, and oper- 
ate successively on the portions of the successive squares 
A® which are inside 4{?; we continue in the same way 
with 4§?, being careful each time to omit the portions 
already considered, etc. These operations lead us to con- 
sider rectangles, each of which may be replaced by an 
enumerable infinity of squares (in particular cases a finite 
number). It is sufficient, in order to form the squares ac- 
cording to a definite law, to construct successively the 


ae 
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greatest possible square inside the rectangle, taking as the 
vertex nearest the origin of codrdinates that vertex of the 
rectangle which is nearest the origin of coordinates. If 
among the squares so defined there are some which contain 
no point of the aggregate 4 we suppress them. We may 
assume the squares to be arranged in the order of de- 
creasing size (if two of them happen to be equal in size we 
shall arrange them according to the relative values of the 
abscissas of their centers; and if these abscissas are equal, 
according to the value of their ordinates). In the same way 
we arrange the squares A (after the required transforma- 
tions), and so on. 

We define an aggregate B of squares which will con- 
sist of all the squares 4, and besides a certain number of 
the squares A, A®, «+. In the same way B® will include all 
the squares A and, besides, a certain number of the squares 
A®, »». It is clear that the sum of the squares B™ is less 
than E,+ Eni+: is finite no matter what h may be and ap- 
proaches zero when h increases indefinitely. Since all the 
squares A” will be part of the B™, every point of 4 is in- 
side of one of the squares B”. In order that the aggregate 
E defined by the B® may be regular we must be able to 
Samberither DBO, De, 4, Bey, an such a way that 
B®» shall be less than Shas 

We achieve this result in the following manner. Consider 
first the squares A, if there are any, whose area is greater 
than e, (we know that there are none whose area is greater 


than «, since the sum of all the 4™ is less than «,). We 


designate these squares as BO, BY, ++, By. Let us con- 
sider next those remaining squares 4" of which the area is 
greater than ¢;, and let us denote them by Busty Buta‘) Br 
Let us take now the squares 4 whose area is greater than 
e; they are arranged in a definite order, as we have said. 
If the first of them is inside one of the 4™ already numbered, 
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for example inside Bf’, we shall denote it by By, otherwise 
we shall denote it at the same time by B™, and by BR... In 
the same way, if the second of the 4 that we take is ieee 
one of the 4 already numbered, different from BP, say BY”, 
we shall denote it by B®. If it is not inside any of the 4 
(it cannot be inside an A" without a number, since its area 
is greater than e; and the 4 without numbers have areas 
less than e,), or if it is inside the particular Bf” which has 
already been utilized, we shall denote it at the same time by 
B®. and by B®... In this way we manage to define a cer- 
tain number of new squares B® which we will call BRU, 
B®,,, -, B&, and a certain number of squares B® which in- 
clude all the 4 of area greater than es. 

Let us consider now the squares 4 of area greater than 
e,, and let us denote them by BO},, B&i., +, BS; we can 
proceed in the same way as before for the 4 whose areas 
are greater than e,, and wecan then pass on to the 4® whose 
areas are greater thane. Those among them which are in- 
side of the B® already numbered will have the same num- 
bers (each number being given of course but one time). The 
others will be denoted at the same time by BS, BY, B®. 
We can continue indefinitely in the same way, the e, ap- 
proaching zero when k increases indefinitely and each opera- 
tion involving only a finite number of squares. In this way 
every square belonging to 4 will appear in B™ in a deter- 
minate position. Moreover, it is obvious that B® ap- 
proaches zero no matter what g may be when hf increases 
indefinitely. It is impossible that certain series Be SBES 
--, BY should terminate, because that would mean that no 
one of the squares 4°" is inside BY; that is to say, that B® 
would inclose no point of the aggregate 4, which is contrary 
to our hypothesis. The aggregates of squares B™ define, 


then, a regular aggregate which includes all the points of 4, 
and our theorem is proved. 


re 
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We notice that in the definition of the regular aggregate 
E there are certain series BY, B®, ---, of which a certain 
number of the first terms denote squares that coincide among 
themselves. ‘That, in fact, is no difficulty. We can, how- 
ever, avoid this circumstance by slightly modifying the defi- 
nitions of the first B, of such a series; if, for instance, Bj”, 
B®, B® coincide, we can replace BP by (: +e )B;”, and Be 
by (1 +e)(1+¢)B® (we designate by aC a square similarly 
placed to C, with the ratio a of similarity). These opera- 
tions multiply the total extent of the squares B™ by a factor 
less than the convergent infinite product" H(1 +). 

We notice that the regular aggregate E which we have 
defined is not necessarily the most simple of the regular 
aggregates of measure zero which include the 4, but it is 
not important that our demonstration should give us the 
most simple. The essential thing is to show that there 
exists one; it is then possible to consider without contradic- 
tion the collection of all the regular aggregates of measure 
zero which contain A, and we can choose from this collection 
if not the simplest (which may not exist, in the same way 
that the smallest number greater than V2 does not exist), 
at least an aggregate E whose simplicity is as close as we 
please to the greatest possible. 

From now on we shall consider especially the regular 
aggregates. Such an aggregate is defined by the funda- 
mental points 4,, which are limits of the B® when h in- 
creases indefinitely, and by the magnitudes of the excluding 
squares B” corresponding to A, The derived aggregate 
of the fundamental points is a closed set 4’. In the general 
case this set is composed of a perfect aggregate and a reduc- 
ible aggregate. The excluding intervals which correspond 


1 It might seem desirable to consider also the relative positions of the 4, in these 
squares; but by modifying slightly the definitions we can so arrange that every 
B® has A, for its center. 
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to the points of the reducible aggregate have only in common 
the points of this reducible aggregate itself. Their study 
therefore gives us nothing new. The really interesting part 
of a regular aggregate of zero measure is that which is 
attached to those points of 4’ which form a perfect aggre- 
gate. We shall have to distinguish cases according to the 
nature of this perfect aggregate. We shall limit ourselves, 
however, to the consideration of the case where the aggregate 
A’ contains all the points of a certain area of simple form. 
The points 4, will then be dense within this area.1_ All the 
cases where the area is of a single piece and simply connected 
may be reduced by conformal representation to the case 
of the area bounded by a circle. We shall show that if we 
have two different systems of points 4, and B,, dense within 
the interior of equal circles and also dense on their circum- 
ferences, ? we can establish between these points a reciprocal 
continuous one-to-one correspondence in such a way that the 
ratio between the distance of any two points 4,, 4, and the 
distance of the corresponding points B,, B, will be included 
between two limits as close to unity as we please. It will 
follow from this theorem that we shall be able without loss 
of generality to suppose that the fundamental points of an 
aggregate of zero measure, when these points are dense 
within a certain region, coincide with a given dense aggregate 


in that region — for instance, with the points of rational 
coordinates, 


1 We shall thus leave aside those aggregates of zero measure which we obtain by 
assuming that 4 is a perfect linear aggregate which without being linear yet contains 
no area. For example, we could exclude certain fixed areas around the points with 
rational coordinates and take for the 4, the points with algebraic coordinates 
which did not belong to the excluded areas. We could also build up in some arrange- 


ment several similar constructions, or even a denumerable infinity of such construc- ~ 


tions superposed, and thus obtain regions which would be quite complicated from 
the point of view of Analysis Situs. 


_ ? The case when neither aggregate has points on the circumference can be treated 
in the same way. 
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II 


Tur theorem which we have in view can be expressed as 
follows: Given two equal circles C and C’, and two enumerable 
aggregates A and B, of which the first is dense in C and on the 
circumference C, and the second 1s dense in C’ and on the cir- 
cumference C’, and given an arbitrarily small number e, then 
we can number the points of A and B in such a way that to a 
point on the contour we make correspond a point on the contour, 
and that we have, whatever p and q may be, 


A,A 
— ex == pas 2 
p-—€ B,B, <I + € 
We shall say that in this case the two aggregates are similar 


by e. 

In order to prove this theorem we shall assume that the 
points of the two aggregates are arranged provisionally in a 
determinate order, and we shall consider successively the 
first point of 4, then the first point of B, then the second 
point of 4, then the second point of B, and so on. Thus we 
shall not miss any point belonging to either of the two 
aggregates. To each new point that we consider in one 
aggregate, we shall make correspond a determinate point 
in the other; and when the turn of this new point comes 
we shall omit it. 

We shall suppose that the centers of the circles C and C’ 
do not belong to the aggregates A and B (nothing would be 
changed if both of them should belong, for we could make 
them correspond; and if one of them belonged, but the other 
not, we could make a conformal transformation, differing 
little from the identical transformation, which would trans- 
form the second circle into an equal circle whose center 
could then be made to correspond to the center of the first 
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circle). In this way we can investigate the two circles by 
considering them superposed and yet distinct. It is possible 


eet 


rhe Ade 


Or 


now to choose two rectangular axes Ox and Oy in such a way © 
that the diameters parallel to the axes contain no points of | 
A or B, and every line parallel to either of the axes contains — 
at most one point of 4 and one point of B (because the to- — 


tality of directions of lines which connect the center with 
points of 4 or with points of B, or connect the points of 4 
among themselves, or the points of B among themselves, 
or which are perpendicular to these directions, form an 
enumerable aggregate). Let us assume an infinite series 
of positive numbers «1, €2, -**, €n, *** such that 


1—e<H(1—e,) , NoOt+e)<it+e. 


The circle C is divided by the diameters parallel to the 
axes in four equal regions which provisionally we shall call 
I, 2, 3, 4; and the circle C’ is divided in homologous regions 
which we shall designate in the same manner. 

Consider first 41, which may be, for instance, in the region 
3: since it cannot be on the diameters, it must be inside 
this region, unless it be on the circumference (a case which 
we are for the moment excluding). Let us now designate 
by 4; the point of the region 3 of C’ which coincides with 4, 
‘when C’ is moved upon C by a translation. If 4, happens 
to belong to B, which is not the general case, we shall call 
it B,. Otherwise we shall define a square with center at Aj, 
such that the ratio of the greatest to the least of the shortest 
possible distances of all the points in the square to points 
on the boundary of the region 3 shall be less than 1 + «. 
This shortest distance is -parallel to the axes for the recti- 
linear portions of the boundary and coincides with the radius 
for the curvilinear portion, and, from our hypothesis in regard 
to 41, is not zero. So the construction of the square is always 
possible. We now choose B, arbitrarily from the points of 
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B inside this square (if we wish to avoid having to make an 
arbitrary choice from among a denumerable infinity of 
- points, we can take the point of B whose number is smallest 
in the provisional classification). Having chosen this 
point B, we construct parallels to the axes passing through 
_ A, and B,, each set of which, with the diameters already 
drawn, will divide its circle into regions (nine in each) which 
will correspond two by two. Some of these regions will be 
rectangles (in this case only one), while the others will be 
quadrilaterals or triangles of which certain sides are parallels 
to the axes and one side is an arc of the circle. If we agree 

to consider as the dimensions of such regions the dimensions 

ofthe rectilinear sides, it follows from the construction that 

the ratio between homologous dimensions of two correspond- 

ing regions is included between 1 + € and 1 —e2 In the 

case which we have momentarily excepted, where A, is on 

the circumference, we can take By, also on the circumference, 

in such a way that the same condition shall be verified with 
~- respect to the regions, a construction which is always pos- 
sible. . 

Let us turn now to the second point B,, taken from the 
second aggregate. We make correspond to it a point 4» 
situated in the homologous region, chosen in such a way 
that the new regions obtained by drawing parallels to the 
axes through 42 and By have homologous sides whose dimen- 
sions are included between (1 + es) Cie 4 ey) and 1 = €1) 
(1 — ). This condition necessitates assigning to A: a 
certain area inside this region, and A, is chosen inside this 
region either arbitrarily, or according to some definite law, 
as has been explained for Bi, care being taken to have 42 
on the circumference C, if Bz is on the circumference C’. 


: 
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of homologous sides are included between 1 +e and EES 
1 


1 We have, in fact, > I— 4, and, according to our construction, the ratios 
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We continue in the same way, taking alternately a point in 
A and a point in B, making it correspond to some point in 
the other aggregate. After n operations we shall have at 
most (x + 2)? regions, and the ratio of two homologous 
dimensions of two regions which correspond will always be 
included between 


(1 — €1)(1 — €2) «+ (1 — €n) 
(x + €1)(1 + €2) «+ (1 + €n) 


o tenho ite 


Oe al 


4° 7 Om 
Wk 


and 


and therefore between 1 — e and 1 +. If we continue in 
this way indefinitely, every point of 4 and every point of 
B will have a number, after a finite number of operations, and 
this number will be at most double the number of the same 
point in the provisional classification. 

This final classification satisfies completely the conditions 
of our theorem. For, if we consider any two points 4,, A,, 
with their corresponding points B,, B,, the difference of the 
abscissa x, and x, of A, and A,, when the regional division 
has progressed far enough (that is, after a number of opera- 
tions not greater than the larger of the two members 4, q), 
will be equal to the sum of the rectilinear sides of certain 
regions, and the abscissas x,, x, of B, and B, will be equal to 


the sum of rectilinear sides of the corresponding regions. 
‘We shall have then 


oa 


(1) ane pel | f<1t+e 

and similarly eee 

(2) ac te Me a3 < I+6, 
D qd 


from which follows immediately 


V (at, = oh)? + (yh — yh)? 
V (xp a m,)° = (Vp 7 Wa)” 


But this last relation is the statement of our theorem. 


I—e< <iIt+e. 


Se 
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We might show in the same way the analogous theorem 
about the angles a and 8 which the lines 4,4, and B,B, 


_ make with the axis Ox. In fact, we have 


so that from equations (1) and (2) we deduce immediately 


I—e .tana _I+e 
I+e tan6 I-e 


If we take the angles a and 8 positive, since they are al- 
most of the same value, cot@+tana is greater than or at 
least equal to 2, and therefore, neglecting e’, we shall have 


tan a _ 
3s tan B I;tana _ 
|a=6| <|tan(a—8) | =|—————_ Baan 1 € 
+tana 
tan B 


The properties of the correspondence which we have 
shown to exist between two enumerable aggregates 4 and B, 
which are dense in equal circles C and C’, are worth studying 
more completely. Here follow some remarks that might 
be useful in such a study. In the first place we observe 
that if any partial arrangement of points Aye Asc 
approach a limiting point P, there corresponds to it a partial 
series of points Bn, Bu, -* which approaches a limit P’. 
The correspondence between P and P’ is well defined, — 
that is, is independent of the partial series that may be 
chosen. We have in this way a one-to-one correspondence 
between the points of C and the points of, 

Let us agree to call the parallels to the axes, drawn through 
the points of the aggregate, lines of discontinuity. To any 
point M not on a line of discontinuity corresponds an homol- 
ogous point M’, and the transformation of the region in the 
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neighborhood of M into the region in the neighborhood o of 
M' may be written in the form 


x = (h + n)x 
yi = (h+7')y, | : 


where x, y are the-codrdinates of M, x’, y’ are the coordinates 
of M’, h, k are constants of value between 1 — e andI +, 
and 7 and 7’ are functions of x and y which approach zero 
when x? + y? approaches zero. The constants h and & are 
the two ratios of similitude (parallel to the two axes) of the 
neighborhoods of M’ and M. If the points M’ and M lie 
on a line of discontinuity, the ratio of similitude in the 
direction perpendicular to this line has not the same value 
on both sides of the line. At a point M which is the inter- 
section of two lines of discontinuity, there are four values for 
each ratio of similitude, corresponding respectively to the — 
positive and negative variations of the two codrdinates. 
The ratio of similitude A is thus defined throughout C. It is 
discontinuous on the lines of discontinuity, but continuous 
at other points. 

If we know nothing about the provisional numbering of 
the aggregates 4 and B, we can merely say this about the 
relation between the provisional numbering and the final 
numbering: that the final number n is at most twice the 
provisional number p; for every point numbered provi- 
sionally 4, or B, is chosen after at most 2/ operations. 
We cannot, however, give an upper limit to » as a function 
of n. 

It will be possible to determine such a limit, provided 
that we take care to choose the system of provisional num- 
bering from among those that are sensibly homogeneous. 
Let us make our meaning clear. By definition, in order to 
arrange a very large number # of points in a homogeneous 
manner in a circle C, we shall construct a square grating 
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such that p of its vertices are inside C; if a, is the length 
of a segment of the grating, we shall put one point in each 
square of side a,, and /? in each square of Ja,, exactly if / is 
an integral number, approximately if / is not. Let us write 
lx,= and take as fixed and p variable. Then for every 


_ value of p we can calculate the approximate number of 


points inside the square of side \, a number which may be 
given asymptotically as. ph*/ar?, r being the radius of the 
circle C. We shall say that the arrangement of points of 
the enumerable aggregate 41, 42, «++, 4, --- is asymptotically 
homogeneous if, for any square of side \, the number A, of 
points of index less than p inside this square approaches 
this same symptotic value pd?/mr? when ? increases indefi- 
nitely; i.¢., if the ratio 7A,r?/pd? between the numbers A, 
and the symptotic value pd/mr? approaches 1 as p increases 
indefinitely. We shall say that the arrangement is sensibly 
homogeneous if this ratio becomes and remains limited by 
two constants a and B(a <1</) independent of p and of 
the position of the square of side d. 

In the preceding definition of homogeneous arrangement, 
nothing was said about the points that happened to be 
situated on the boundary. If the boundary is a square of 
side a, the maximum number of points situated on this 
boundary for a grating of measure a/n is 4n, the total num- 
ber of points being n®. Generally speaking, the number of 
points on the boundary will be said to be notmal if it is of the 
order of magnitude of the square root of the total number of 
points. We must observe that this notion of normal depends 
on the assumption that there are points on the contour. If 
the points were arranged arbitrarily, in the general case there 
would be no point on the boundary, and this is indeed the 
simpler hypothesis. But if there are points on the contour, 
the case is probably that there is some sort of a relation 
between the way the contour is chosen and the way the 
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points are given. Hence it is natural to suppose that the 
probability that a point falls on an arc of the boundary of 
unit length is some finite proportion of the probability 
that a point falls in unit area. This hypothesis is verified, 
for instance, if the boundary is a circle and if the points of the 
aggregate are those with rational codrdinates. Other such 


hypotheses might be conceived, related to the theory of 


numbers. 

We must then, in the case where there are points on the 
boundary, add to the hypothesis that the arrangement is 
sensibly homogeneous inside, the hypothesis that it is sensibly 
_ homogeneous on the boundary. 

In many questions, the preceding definition of sensibly 
homogeneous arrangements is inadequate; it is necessary 
to add a condition which may be called intrinsic homogeneity, 
because it introduces the relative positions of the points 
of the aggregate. If we consider the vertices of a grating, 
which we take as the type of homogeneity (or, say, a net of 
equilateral triangles), we see that the shortest distance 
between two vertices is proportional to the inverse square 
root of the total number of points. We say that a two- 
dimensional aggregate is intrinsically homogeneous if the 
shortest distance between any two of its points of number 
less than is of the order of magnitude 1/Vp.! Homo- 
geneity of arrangement and intrinsic homogeneity are thus 
seen to be independent conceptions, neither being a conse- 
quence of the other. 

Given a denumerable aggregate, dense within a circle (or 
square), it is always possible to number its points in such a 
way as to satisfy the conditions of homogeneity. One of 
the simplest methods of doing this is as follows. After 
having numbered some of the points, we trace a grating 


1An analogous condition should be verified for the shortest distance to the 
boundary of points very near to this boundary and not lying on it. 
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fine enough to make a few more squares than points already 
numbered, and such that one square includes at most one 
of these points. There will then be some squares that do 
not contain such points. In each of these we number one 
point of the aggregate, by choosing it inside a square con- 
centric with the first, and twice smaller, taking the point of 
smallest subscript in the provisional numbering (thus we are 
sure of not omitting any point). 

Any system of numbering that satisfies both conditions of 
homogeneity will be spoken of as normal. It is easy to 
verify the fact that the methods of numbering habitually 
used lead to normal arrangements. 

When the two aggregates that are dense in C and C’ are 
numbered normally, it is possible to arrange matters so that 
the one-to-one correspondence set up between their elements 
shall be itself normal; 1.¢., there exist between the provi- 
sional numbering, , and the final numbering, n, inequalities 
of the form 

pr <n <p, 


where the exponents a and £ are finite and depend only on 
the number of dimensions in the aggregate considered, and 
on the convergent series Ye, which has been used. (In 
order to be sure that a and £ are finite, there must be a finite 
quantity h such that lim n"e, = 0.) 

We divide the aggregate 4 into two Libis A’ and A”, 
still everywhere dense, and the aggregate B, similarly, into 
B’ and B’’. Itis then easy to show that the correspondence 
can be set up in such a way that the points of 4’ correspond 
to those of B’ and the points of 4’’ to the points of B”. 
For that, it would not be sufficient of course to apply the 
general theorem first to 4’ and B’ and then to 4 and B, 
because the correspondence thus set up between two 
points P and P’ inside C and C’, respectively, would not in 
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general ‘be the same by means of the two separate corre- 
spondences. 
This procedure we can extend to the case where 4 and B 


each consists of a denumerable infinity of aliquot parts, every- — 


where dense. We can establish, for instance, a continuous 
one-to-one correspondence between the rational numbers in 
a certain interval, and the algebraic numbers in an equal 
interval, in such a way that to the rational numbers whose 
denominators consist of h and only h distinct prime factors, 
correspond the algebraic numbers which are the roots of an 
irreducible equation of degree h (for h = 1 we get the rational 
numbers; if we wish to consider only the irrational algebraic 
numbers we must take irreducible equations of degree h + 1). 


III 


Let us consider now two regular aggregates of zero 
measure, of which the fundamental points are precisely the 
denumerable aggregates 4 and B inside the circles C and C’. 
If we suppose that the squares of exclusion belonging to the 
corresponding fundamental points have as their sides lines 
which correspond, it is evident that the two aggregates will 
correspond point by point in the one-to-one correspondence 
that we have established between the points P inside C 
and the points P’ inside C’.. In other words, given a regular 
aggregate of zero measure of which the fundamental points B 
are dense in C", we can define a regular aggregate of zero meas- 
ure of which the fundamental points are the elements of an 
arbitrary aggregate A, dense.in C, in such a way that the two 
aggregates correspond to each other continuously and in a one- 
to-one manner (the ratio of similitude being contained be- 
tween I — eandI +e), 

Hence in order to study regular aggregates of zero measure 
of which the fundamental points are dense within a certain 
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region, we can without loss of generality assume that the 
fundamental points are, for instance, the points with rational 
coordinates. In particular it is easy to prove this important 
proposition: Every regular aggregate of xero measure of which 
the fundamental points are dense within a certain region has 
the order of the continuum. In other words, if we arrange at 
pleasure the diminishing of the squares of exclusion in the 
neighborhood of fundamental points, it is not possible to 
make this diminution rapid enough so that the fundamental 
points shall be the only ones of the aggregate. 

For simplification let us consider the case of a single 
dimension ; the demonstration is in principle the same for any 
number of dimensions. Let 4, be the intervals of exclusion 
belonging to the points 4,. For each value of h we can 
define a positive function ¢,(n) increasing with n, such that 
we shall have 


rele | 

measure (4h) oe 

On the other hand, if we are given a denumerable succes- 
sion of increasing functions @;(7), it is possible, according to a 
theorem of Paul du Bois-Reymond, to construct a function 
¢(n) increasing more rapidly than any of the functions ¢,(n). 
After having found this function ¢(n), the theory of con- 
tinuous functions enables us to define an infinite number of 
irrational numbers x (an infinity which has the order of the 
continuum) such that there exists for each of them adenu- 
merable infinity of relations of the form 


I 
o,(n) 


m 
a 
n 


% 


where m and n are integers. Such a number x, whatever 
h may be, belongs to at least one of the intervals A”; it is 
therefore an element of the aggregate defined by the points 


- 
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A, and these intervals of exclusion. In order to define the 
numbers x and show that their aggregate is of the order of the 
continuum, it is sufficient to investigate a continuous fraction 
in which the incomplete quotients increase very rapidly. 


If we write 
Pin = a,;P, Pes 


Ontr = AnQn + Qn 
an > (Qn); 


where $(n) is the function which we have just defined, we 
shall have, from the nature of the convergents, 
F. Pe ae I 
x— =n. ze ee Se Sk 
On+1 0, 


and assume that 


2S 
Qn Q,On+1 $(Qn) 

But the totality of systems of integers a, which verify the 
relations a, > $(Q,) have, themselves, the order of the con- 
tinuum.! 

If we wished to have intervals of exclusion which should 
decrease rapidly enough so that the aggregate of points 
defined by them would be composed only of the fundamental 
points, the ¢,(7) would have to contain functions increasing 
more rapidly than any ¢(n). According to the theorem of 
Paul du Bois-Reymond, that is not possible if the indices 
h are denumerable. It would be necessary then to make 
belong to any fundamental point a transfinite infinity of 
intervals of exclusion, the corresponding functions ¢,(n) 
(where a denotes a transfinite number) being such that every 
increasing function ¢(n) is surpassed by one of them. In 
this way, however, we get outside the domain of definitions 
expressible in a finite number of words. 

In order to classify the regular aggregates of zero measure, 
it is better to consider rather than the functions ¢,(n) which 


1 Each ap may be odd or even; the aggregate of x then includes an aggregate 
of the same order as that of the numbers 0.1010110«+-, written in the binary scale. 
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we have defined, the functions y,(m) determined by the 
relations 


> measure 4” = i" 

The convergence of the series formed by the intervals of 
exclusion of order h implies that the functions y,(m) should 
increase indefinitely with n. After the:theorem of Paul du 
Bois-Reymond, there exists a function ¥(m) increasing less 
rapidly than any of these, which nevertheless approaches 
+ co as n approaches oo. Hence whatever the value of h, 
if we take n large enough, we shall have 


> measure 43 << Sere y3 


that is to say, that the different series formed by the intervals 
of exclusion all converge more rapidly than the series 


I I 
Fes ¥(n+ mi 

The more rapid the increase of y(n), the fewer points are 
included in the aggregate of measure zero, because the 
intervals of exclusion in that case decrease more rapidly. 
It is natural, then, to take the function y(n) as defining 
what we may call the asymptotic order of the regular aggre- 
gate of zero measure. These orders can be expressed 2 
means of the notations used for orders of infinity; ¥() = 
will be said to be of order p, ¥(n) =e" of order @, e” of ee 
w’, etc. We meet the aggregates of order w? in defining 
monogenic functions which are not analytic. 


IV 


Peruaps it is opportune to emphasize a little the general 
conclusions which follow from this rapid study of aggregates 


of zero measure. 
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Aggregates of zero measure have a fundamental position 
in the theory of functions. It is, in fact, always possible to 
inclose the singularities of finite functions in aggregates 
which are either of zero measure or of measure as small as 
we like. On the other hand, aggregates which are not of 
zero measure have a uniform quality, being formed of con- 
tinuous aggregates either positive or negative. They are 
heterogeneous with regard to the continuum. Aggregates 
of zero measure can, however, be sensibly homogeneous with 
regard to the continuum, that is to say, identical with them- 
selves in intervals as small as we like. 

The concept of aggregate of zero measure is so general 
that we cannot hope to make a profound investigation of the 


tM apse hc a comepieaeeee ian 


properties of functions without studying minutely this — 


general notion. That is to say, we must not regard all 
aggregates of zero measure as undifferentiable. The classi- 
fication based on the asymptotic diminution of intervals of 
exclusion seems to me to be a first step in this study watch 
faces the students of analysis. 

With this question, as with all those where the general 
notion of increasing functions enters (as, for example, in the 
theory of the convergence of series with positive terms), 
difficulties of a transfinite nature are presented which we 
cannot hope entirely to surmount. But, on the otherhand, 
the problems which are actually met with are generally 
if not always free of these difficulties (this is the case, for 
instance, with the usual criteria for the convergence of series 
of positive terms; for, although theoretically quite special, 
they are nevertheless practically sufficient for the treatment 
of the series which are presented in all researches in analysis). 
We can legitimately hope that it will be the same way with 
the classification of aggregates of measure zero. Theoreti- 
cally the complexity of this classification surpasses that of 
the study of series of positive terms, a study which will never 
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be finished; but practically, a relatively restricted number 
of classes will suffice for the needs of analysis. 

In closing I should like to direct attention to a notable 
consequence of the theorem about the correspondence 
between two denumerable aggregates which are everywhere 
dense. It might seem natural, passing from the finite to a 
denumerable infinitive, to suppose that the positions of equi- 
librium of the centers of gravity of the molecules of a solid 
body should form a denumerably dense aggregate. But 
a priori it would seem quite an arbitrary hypothesis to 
suppose that they should coincide with the points of rational 
coordinates. This simple arithmetic determination seems 
to have nothing to do with the physical conception. In fact, 
it evidently is not necessary. But it is as general as any 
other. ‘The important point is that the hypothesis verifies 
the conditions of homogeneity of arrangement and intrinsic 
homogeneity, as we have stated them. The arithmetic 
treatment of the approximation of numbers by rational 
numbers is thus the reflection of the general pruperties of 


dense aggregates. 


II 


MONOGENIC UNIFORM NON-ANALYTIC: 
FUNCTIONS? 


I. THE THEORIES OF CAUCHY, WEIERSTRASS 
AND RIEMANN 


HE integration by d’Alembert of the equation of vibrat- 

ing strings led to a series of researches out of which 

the notion of an arbitrary function took shape. Among the 
geometricians who contributed to clarify the new ideas, there 
should be mentioned Euler, in the front rank, and besides 
him Clairaut, Daniel Bernoulli and Lagrange. The question 


was that of the relation between the analytic and the physical 


definitions of a function: if a string is displaced arbitrarily 
from its position of equilibrium, does there exist a formula 
which represents exactly the initial state of the string? 
Fourier answered in the affirmative and set out the method of 
calculation of the coefficients of the trigonometric series 
which represents an arbitrary function. The views put 
forward by the genius of Fourier have been confirmed by 
the vigorous analysis of Lejeune-Dirichlet. 

The discovery of Fourier revolutionized the notions preva- 
lent up to that time; it was believed, with Euler, that to 


every analytic expression there corresponded a curve of | 


which successive parts depended on each other: in order to 
express this interdependence, Euler created the expression 
“continuous function’: the sense of this expression has since 
been modified. 

Under the influence of the same ideas Lagrange endeavored 
to prove that every continuous function can be developed 


1 Translated from the French by Professor Percy John Daniell, of the Rice 
Institute, 
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» in a Taylor series : this series would be the tangible form of 


the connection, so mysterious till then, between the different 
arcs of a continuous curve; the knowledge of a small arc 
would have been sufficient to know the whole curve; but 
Fourier proved exactly that the problem here was illusory, 


~ for the physicist who draws a curve remains at each instant 


free to modify its aspect; the curve once drawn, it is always 
possible to represent it in its entirety by a unique analytic 
expression. - 
This led to the apparently paradoxical result that there 
existed no logical reason for regarding two segments of the 
same straight line, for example, as corresponding to the same 
function, since it was always permissible likewise to regard 
as a unique function the ordinate of the continuous curve 
formed of two different straight lines. At the most it could 
be said that, in the case of two segments of the same straight 
line, the formula is simpler than in the case of two segments 
of different straight lines, but this criterion of simplicity 
does not seem capable of precise definition, unless one is 
confined to algebraic functions. The paradox was cleared 
up by extension of the field of study of functions; Cauchy 
showed that the properties of real functions could only be 
well understood if imaginary values of the variable were also 
studied; the idea of a function of a complex variable became 
indispensable. Cauchy based this idea on the definition of 
monogeneity ; a function of the complex variable z = x + ty 
is called monogenic if it has a unique derivative. A function 
which is monogenic at every point of a region without any 
exception — that is, not allowing in the region any singular 
point — can be developed in a Taylor series in the neighbor- 
hood of any point in the region ; the radius of convergence 
of the series is equal to the distance from the center to the 
nearest singular point. From this fundamental theorem 
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Cauchy deduces the calculation of the integrals of the proper ; 


differential equations along any path in the plane. 

Cauchy’s theory was systematized by Weierstrass and 
Riemann. Weierstrass defined an analytic function, in an 
exact manner, by means of elements and thus arrived at the 
idea of a region of natural existence, an idea which was 
contained implicitly in Cauchy’s work, but which was not 
mentioned explicitly by him. Riemann conceived a mon- 
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ogenic function a priori independently of any analytic © 


expression and showed the advantages of this geometrical 
conception. 

In reality, the analytic point of view of Weierstrass and 
the geometric one of Riemann find their most perfect 
synthesis in Cauchy’s fundamental theorem: monogeneity 
within a circle involves the existence of a Taylor series con- 
vergent within the circle. This theorem established a 
necessary connection between values of the same function 
as a simple consequence of monogeneity: it is sufficient to 
know that a function is monogenic within a circle, in order 
that its value at any interior point should be known by a 
knowledge of its values in the neighborhood of another 
point. Since our aim is to define monogenic functions in 
regions more general than those considered up to the present 
in the theory of analytic functions, it is necessary to make 
precise the definition of these new regions. 

I shall call a region in.-which an analytic function can be 
defined in the sense of Weierstrass a Weierstrassian region or 
W region. 1 shall call regions more general than W regions, 
in which a uniform monogenic function can be defined, 
Cauchy regions, or C regions, in honor of the creator of the 
theory of monogenic functions. We shall see that the 
essential properties of monogenic functions in the C domains 
which we define are the same as in W regions; this does not 
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_ exclude the possibility of defining C’ regions more general 
- again than our C regions. In other words, we cannot assert 


that our generalization covers all uniform monogenic func- 


tions : but it brings us to a definition of a more general class 


_ than the class W of the analytic functions of Weierstrass. 


a | 


W- regions are characterized by the following properties. 
Let us call a P circle every circle such that all the points 
within I’ belong to W. Every point P of W is within a 
T circle: the I circles corresponding to two points P and Q 
of W can be reunited by a finite number of I circles cutting 
each other two by two. To every uniform analytic function 
there corresponds a W region; inversely, M. Runge has 
shown that to every W region corresponds an infinity of 
uniform analytic functions having precisely W as the region 
of existence. 

If it is assumed that there is no other process of analytic 
continuation than the Taylor series, the boundary of the 
W region is a natural limit of existence of the analytic func- 
tion, and those portions of the plane, if such exist, which do 
not belong to W ought to be considered as a lacunar space. 
On this point Weierstrass has insisted several times, and it 
has been made conspicuous in the clearest way by M. Henri 
Poincaré. Let us consider a region D of simple form, such 
as the interior of a circle, and let us define a function G(z) 
having D as its lacunar space and another function G,(z) 
defined only within D and having consequently all the rest 
of the plane as its lacunar space. Let us divide the contour 
of D into two arcs D’ and D”. M. Poincaré shows that it is 
possible to find two uniform functions F(z) and Fi(z) existing 
in the whole plane, except for the singular line DY tor -F 
and D” for Fy, and in such a way that 

F+F,=G _ outside D, 
F + Fy = Gi within D. 
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If then the functions F and F, are regarded as uniform, — 


the function G(x) has the continuation G:(z) which has been 
chosen entirely arbitrarily; it is then proper to discard all 
ideas of a continuation within the lacunar space. This 
paradox is apparently cleared up if it is observed that, when 


-a function such as F(z) possesses a singular line D’, supposed : 


impassable, this function remains uniform in Weierstrass’s 
sense when there is added a non-uniform function such as 


log = —*0 ¢) and x, being two points of the line D’. The 
— & 


SHE result due to M. Poincaré can then be inter- 
preted by the hypothesis that F(z) and Fi(z) are not really 
uniform: but in order that this hypothesis should have a 
meaning, it is necessary to generalize the definition of con- 
tinuation, in a way so as to be able to pass in certain cases 
the impassable cuts of Weierstrass; we shall see very soon 
how this result can be obtained. 

But I wished before now to say some words concerning the 
ideas of Riemann, although it is specially in the study of 
non-uniform functions, of which I shall not speak here, that 
Riemann’s theory has shown itself productive. 

Cauchy has insisted several times on the importance of 
monogeneity. If an elementary function obtained by a 
simple calculation made on z is considered and if, for such 
a function G(z), the ratio 


G(% + 6%) — G(z) 


6% 


is calculated, this ratio tends to a determinate limit when 
6z tends to zero, with any argument. Cauchy expresses this 
essential fact by calling the function monogenic. 

If we put 


G(z) = P(x, y) 5 10(x, y)s 


ee ene 


Monogenic Uniform Non-Analytic Functions 27 


the condition of monogeneity is translated into the two 
fundamental equations 
: ls we, 


Ox dy’ 
OF 2290 
dy Ox 


Cauchy has shown that these equations, when they are 


verified in a region of the plane, involve the existence of the 
Taylor series; that is to say, of that which can be called 
analyticity in Weierstrass’s sense. Cauchy’s demonstra- 
tion assumes the continuity of the derivative; M. Goursat, 
in a well-known piece of work, has shown that the existence 


_ of the first derivative is sufficient, and involves the con- 


tinuity and existence of all the derivatives; M. Paul Montel 
has extended this result to cases where the existence of the 
derivative has not been assumed in a set of points of measure 
zero. The statement of these researches is outside my scope ; 
I should mention them nevertheless, because they are in a 
way complementary to the results which I shall state further 
on. What is sufficient to remember is that, in the W regions, 
monogenic functions are analytic; for this reason the 
expression monogenic function is no longer in use by certain 
geometricians, the expression analytic function being con- 
sidered equivalent; as our aim is precisely to define mono- 
genic functions which are not analytic, it is important to 
distinguish clearly between the two expressions. 

It is difficult to find out if Cauchy conceived the existence 
of a monogenic function independently of any analytic 
expression. In fact, he always reasoned about functions 
which were defined, implicitly or explicitly through known 
functions, by means of ordinary or partial differential equa- 
tions; but his reasoning applies without modification to a 
function defined in a purely ideal way as a correspondence 
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between z and G(z). This was the conception of Riemann, 
and has certainly rendered good service, as much in the 
field of real variables where it was introduced by Dirichlet, 
as in the field of complex variables, by accustoming mathe- 
maticians to very general methods of reasoning, made once © 
for all and susceptible of application to cases not foreseen 
at the time when the reasoning was done. In fact, there 
is no real difference between Cauchy’s and Riemann’s point 
of view; to apply considerations like those of Riemann to 
one determinate function, this function must be defined, that 
is to say must be distinguishable from other functions; and 
if this definition is effective, it returns to the category of those 
which Cauchy admitted. This point belongs to the con- 
troversies concerning the axiom of Zermelo; Riemann’s 
point of view is otherwise legitimate, whatever attitude is 
adopted in this controversy ; for those who require a precise 
definition, it saves one from thinking of all the processes of 
definition which can be imagined; for those to whom an 
ideal definition is sufficient, it allows one to treat ideally 
even those functions which will never be defined practically. 
It is by means of Cauchy’s fundamental theorem 
f@= + [12% 
2 rts 2 
that it can be shown that monogencity in a W region involves 
analyticity in the region. We shall use this theorem also 
in studying monogenic functions in a region, not W; it will 
be convenient in order to argue in a general manner about 
all the possible methods of definition of these functions, to 
consider them as defined in Riemann’s way; that is, to 
assume that nothing is known about such a function except 
that itis monogenic. It is necessary to show afterward that 
a theory thus constructed is not empty, by giving actual 
examples of functions defined no longer ideally, but explicitly. 
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I shall restrict myself to stating the definition of C 
regions in a particular case; if the properties of sets of zero 
measure studied in the previous lecture are used, it can 
be seen that this particular statement can be considerably 
generalized. 

Let us consider a W region, and a region within W in 
which we define a denumerable infinity of fundamental 
points, everywhere dense; we shall assume that these funda- 


-mental points 4, are the points within the circle |z|=1 


whose coordinates are rational. To each point 4, is at- 
tached a positive number 7,, and we shall assume that these 
numbers 7, tend very rapidly to zero as n increases indefi- 
nitely ; we shall define later the manner of decrease; it is’ 
sufficient here to know that the remainder of the conver- 
gent series 71+ 72+-°°+7,+-°- is less than a quarter of the 
last term retained; we shall denote by C, the region ob- 
tained by excluding from the W region the points within 
circles C® defined as follows. Let us consider circles S,? 
having as their centers the points 4, and for their radii ; 
gd 
the circle C® has its center at 4,, and its radius is the smallest 
of the numbers between 7/2? and 7/27! and such that 
it does not cut any of the circles S#(n >1); this is possible 


in virtue of the hypothesis 1 > 4>, Ty, from which it follows 
2 


oO 
mae! = — > 2 ue" ™ . the S® circles are then either inside 
24 gat : 24 


@ (including those which touch internally), or outside Cy? 


(including those which touch externally). We shall take 
no account of the interior circles, and we shall denote by 
A,, the fundamental point of smallest index correspond- 
ing to the exterior circles; the circle C{? will have its cen- 
ter at 4,, and its radius the smallest number contained 
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rm such that it does not cut any of the 


r 
between — and 
24 24 


circles S(n > m2); it is exterior to the circle Ci? since it is 
interior to the circle S%, and at the same time exterior to 
the circles S of index less than m, for these circles are in- 
terior to C® because of the method by which m was chosen. 
Similarly the circle CS? etc. is defined and one sees that if 
the region obtained by excluding the points inside circles 
C® is denoted by C,, and the region obtained by excluding 
the points inside circles S® by C{, all the points of C, 
belong to Ci,,, while all the points of Cj,; belong to Cy,1; 
the consideration of the regions C, is then equivalent to that 
of the regions C!,, and evades the difficulties which result 
from intersections of the circles. 

The points of the circumference of C{? are said to con- 
stitute the frontier of C,; the points of C, which do not 
belong to this frontier are called interior to C,; it is impor- 
tant to observe that we use the word interior here in a dif- 
ferent sense from the usual one in the theory of W regions. 
The points of the set C,, situated in the interior of the circle 
of radius 1, form a perfect set, which can be considered as the 
derived set of the set of its frontier points C®. 

The region C is defined as the set of all points such that 
each of them is interior to some C,: the region C is not perfect, 
for it does not contain the points 4,, which are its limiting 
points. We know that the set (of zero measure) of points 
which do not belong to C has the power of the continuum. 
We shall say that a region D is interior to C, when all the 
points of D belong to one and the same C,, of fixed index. 
Among the regions interior to C, we shall consider a little 


more exclusively the regions C,: every point of C, is interior _ 


TOG te 
The region C will be said to belong to the class (C) of 
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_ Cauchy regions which we are studying here if the numbers 


! 


r, are such that, for n sufficiently large, 
(1) . log log log +> n; 
Tn 


if this condition is verified for two regions C and C’, it is 


- verified for the part common to C and C’. 


Together with the regions C, and C, we shall consider 
reduced regions which we shall denote by I, and T. Toa 
region C corresponds a determinate system of regions C,, 
and an infinity of systems of reduced regions; the following 
is the definition of one of these systems. Let us suppose 
numbers p, given, tending to zero rapidly as n increases 
indefinitely, but much less rapidly than r,; more precisely, 
we shall suppose that 


(2) ss < log log Ss F 
Pn Tn 


and, at the same time, whatever the fixed number a, that, 


_ for n sufficiently large, 


I 4 
(3) Pare fas 

Pn 
these two conditions (2) and (3) are quite consistent by virtue 
or (1 yA 


The regions T', are defined by means of p, as the C,’s 
by means of 1,, ge is, are limited by circles of radii be- 


tween Pn and Pn exterior to each other. The region I is 
2 2 


formed of the set of points interior (in the sense indicated 
above) to each T,. The regions I, are perfect, F is not 
perfect; the set complementary to I’ has zero measure 
and the power of the continuum. 

The set C contains all points of I’ since C, contains all 


1 (1) (2) and (3) could be replaced by wider conditions : my aim here is to simplify 
the statement. 
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points of T',: but C contains besides points which do not 
belong to I. : 

The following theorem is fundamental : 

If a function of the codrdinates of a point P is defined in C 
and continuous in every C,, the knowledge of its values at all 
points of TV’ involves the knowledge of its values at all points of C. 


In other words, two functions continuous in C (that is, 


defined in all C and continuous in every region interior to C) - 


cannot coincide in all [T without coinciding in all C; or, 


finally, a function continuous in C and zero in T 1s zero in C. — 

In fact, let P be a point of C; this point belonging to a set © 
C, interior to C, it is a limiting point of the set formed by the — 
frontier! of C,; it is sufficient in order to prove that the © 
function is zero at P, since it is continuous in C,, to show that © 
it is zero on each circumference which constitutes this — 
frontier (the remark has already been made that each of these 
circumferences is interior to C,,1); then, on one of these — 
circumferences (as on every rectifiable curve traced in the — 
plane), the points which are part of I’ are everywhere dense; ; 
the function being continuous on this curve is then zero — 


throughout this curve if it is zero at all points of I. 

When we speak of a reduced region, we shall assume that 
we consider a determinate region, the p,’s being chosen in a 
precise way, satisfying the inequalities (2) and (3). It might 
happen that we had to consider at the same time another 
region I” defined by numbers p!,; if 


(4) De = Ps 


we say that I” is of order 6 with respect to I; if 8 is greater 
than one, the numbers pj, satisfy the inequalities (2) and (3) 
1 We neglect points P which would be interior to C in Weierstrass’s sense; for 


them the proposition is evident, since they are centers of circles inclosing no 4, in 
their interior, they are also interior to T in Weierstrass’s sense. 
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when the p,’s satisfy them: in this case the set I', is 


. . e ee J 

interior to T’,, for the excluded circles of radii © are larger 
2 

than the circles of radii - (for p, can always be supposed 


less than 1). 
Let us remark finally that the points of C, which lie on 


"any curve whatever, a straight line for instance, form a 
_ perfect set, defined by contiguous intervals (in M. Baire’s 


sense), which are the chords intercepted on the straight line 
by the circles. This set may or may not contain intervals: 
but in every case it is perfect, and consequently a function 
continuous in C, and zero at all the points which limit the 
contiguous intervals is zero at all points of the set at the 
same time with all its derivatives in C,. 


II. MONOGENIC FUNCTIONS IN C REGIONS 


WE shall say that a function F(z) is monogenic in a region 
such.as.C if: 

1°. Itis continuous within C (that is, as we have explained, 
continuous in every C,, interior to C; since the set C, is 
perfect, this continuity in C; is uniform) ; - 

2°. At every point P of C, it has a derivative with respect 
to z, unique and continuous within C. To define the deriva- 
tive a set C, of which P is a part is considered, and denoting 
by P’ any other point of C, the limit of the ratio 


F(o') — Fo) 
pp. 


(5) 


+s found when the vector pp’ = 2’ —% tends to zero; if 
this limit exists for every value of p, it is evidently independ- 
ent of the value of 9, for all points of C, belong to Cy.a; 
for this reason this limit can be called the derivative of F(z) 
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within C, that is in every region interior to C. The con- 
tinuity of the derivative within C is to be understood in the 
same way as the continuity of the function itself within C: 
continuity in each C, interior to C. This hypothesis of the 


continuity of the derivative is doubtless superfluous; but — 


it simplifies the argument. 

‘Since the set C, is perfect, every function continuous in 
C, is bounded in C,. 

Let us mention at once an example of the simplest kind 
of a C region and of a function monogenic in this region.? 

Let us form the series 


4 
n 


foo} n n e° 
f@= peter aro s 
O-2 22 pte 
n 
Clearly this series is convergent outside the square T of 


which the vertices are the points z = 0, I, 1, 1 +1. Inside 
this square the series has an infinity of poles; in fact, allthe 


points whose coordinates are rational numbers x =, y =f. 
n n 


But if circles having these poles as centers and radii = be 
n 


considered, the series is absolutely and uniformly convergent 
at all points outside these circles, whatever the fixed number 
emay be. The same is true if circles I with centers at 


. ee n . . 
the points Pf and radii eo are considered, where h is a 
nn 


fixed integer which we are allowed to increase indefinitely. 
I shall call I’, the set of circles ' and C, the set of points 
which are not inside any of the circles 1. There exists an 
infinity of curves which cross the circle and of which all the 
points belong to one same region C,,. 


1 The region C considered here is a little more general than the regions defined 
above, in the sense that the series 3% converges a little less rapidly. 
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The function F(z) is evidently monogenic within the 
region C which is the limit of the C,’s; it has in fact at each 
point of this region a determinate unique derivative, which 
is obtained by differentiating the series term by term. The 
value of this derivative is independent of the way in which 
the increment 6z tends to zero, with the reseryation, of 
course, that z and z + 6x are inside C,, 

The study of monogenic functions within a region C 
requires the extension of Cauchy’s fundamental theory to the 
contour which limits a perfect region C,. To this end we 
shall establish at once the following fundamental property 
of a function F(z) monogenic in the region C. If we denote 
by pa fixed number 


6) fF@ds= 2 is F(2)dz 


the curve K being any simple curve all of whose points are 

inside C,, the sum referring to all the circles C® which are 

inside C,; the integrals are all taken in the direct sense. 
We shall set 


(7) F(z) = P(x, 9) +1 Q(x, 9); 


so that the equation (6) becomes two equations, of which 
it is sufficient to demonstrate one; for example, 


(8) Si, Pax-Qdy=%, Ve Pdx—Ody. 


To prove this relation, we define a function P,(x, y), finite 
and determinate at all points interior to K, and coinciding 
with P(x, y) at the points inside K which belong to C,; 
there remains the definition of P.(x, y) inside the circles 
S®; on the circumference of these circles it coincides with 
P(x, y). We shall define Pi(x, y) inside the circle by the 


condition that on chords of the circle parallel to Oy it varies 
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linearly. (Its values at the extremities are known for they 
coincide with that of P(x, y).) The function Pi(x, y) thus 
defined is continuous within K and has at every point a 


derivative ar this derivative is bounded according to the 
Hg 


hypothesis that the derivatives of P are bounded (which 
is involved by the existence and continuity of the derivatives 
of F(z)); in fact, at points inside C, the derivative of P; 
coincides with the derivative of P; at points inside C®, 
the derivative of P; is constant along a chord parallel to Oy 
and equal to the quotient of the difference of the values of 
P, (that is, of P) at the ends of the chord, divided by the 
length of this chord. The difference of the values of P is 


oP oP 
(9) un jg et ao 


if MN denotes the arc subtended by the chord. 


dy 


This integral is less than the product of the length of the 


arc MN and the sum iz + he and its quotient when it 
ieee 
is divided by the chord MN is at most equal to 
=( aP| , |aP ) 
2\| Ox oy 


and is consequently bounded at the same time as the de- 


rivatives aP = aP 
Ox oy 


Similarly the values of P, lying between the values of P, 
P; have the same boundary as P.1 


: SS Od Ss : : : : 
The derivative ay is discontinuous at points on a circumference. This pro- 


duces no inconvenience ; one can modify the definition of P; by choosing other 
curves instead of straight lines. Sufficiently simple results can be obtained by 
taking the sum of a parabola and a sinusoidal curve. 


& 
= 
= 
: 
: 3 
ss 
? 
+ 
4 


Voy set Se | 
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According to a classical result, denoting by “ the area 


- within K 


f fo Gy OH = S Pade =— Sf Pdx 


since on K, P, coincides with ‘ie 
Similarly Q.(x, y) being defined by means of Q(x, y) in 


the same way as P; by means of P (taking always parallels 
to Ox in place of parallels to Oy) : : 


Sf, 2esdndy = { Ordy = { Ody 


It follows that 


(10) —_f Pdx — Qdy=— SS. (SP Oe day. 


The double integral of the right-hand side reduces to zero 
for those portions of the area (K) which belong to C,, for 
at a point inside C, 

Pi, 001 _ OP , 99 _ 

Be ox ay) OR Z 


The formula (10) then reduces to 
Ey ae aPi oa) 
(1) f Pax Qay = 2S Sos + 2) andy. 

But the area of C® is equal to ae on the other hand, 
oP; 
dy 
dependent of n (depending on 9, but @ is fixed); then 


(12) |S Pax — Ody |< MER. 


It is easy to obtain from this the formula (6); since the 
series Dr? is, in fact, convergent, we can choose n in such a 
€ 


M 


the moduli of and oe are less than a fixed number in- 


way that the remainder of this series 24,77 is less than 
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When the number has been thus chosen, let us denote by K’ | 
the contour formed of the contour K traversed in the ‘direct — 
sense and the circumferences C®, C2, ---, C® traversed © 
in the retrograde sense; we can argue about K’ as we have © 
done about K (by completing it if we wish by rectilinear 
cuts to make it a simple contour); we shall obtain 


|S Pax — Ody |< Mr <« . 


n+l 


that is, the integrals being taken in the direct sense 
J Pan— Ody -D Pax Qdy| <e 


If € is made to tend to zero, increases indefinitely and 
from it we obtain the relation (8) from which the relation (6) 
follows. 

We deduce now from (6) Cauchy’s fundamental theorem ; 
let x denote a point within a reduced region I, and y, a 


circle al: center x within Cp, and with radius between 4 


and 
on 


There exists such a circle y,, whatever the number g (at 
least after a certain value of g). In fact x being within I, 
whatever n may be, a, being the affix of 4, 


I 
|x —a,| > a ra 
Consequently, the points a, for which 
I 
| x Oca | < 31 
are such that 
(13) SP. < sy 


Let us denote by , the smallest value of after which 
this inequality (13) is satisfied; all the a,’s inside the circle: 
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of center x and radius a have indices greater or equal to 
I < : ; 

n,; the sum pare of the radii of the corresponding circles 


in C, is then extremely small compared to es, since the 
2 


r,’s are much smaller than the corresponding P,7s; since this 


° I . ° 
sum is extremely small compared to —x, there exist circles 
. 2 


a I 5 
of center x and radius between —> and + and which do 
2 2 


not cut any of the circles C/ ; a fortiori they do not cut the 
circles C® whose centers are more distant from x, for the 


radii Tn of these other circles are very small compared with 
2 

P; : Ps 

—* and their centers are further from x than —. 

2 2 

The circle y, being thus defined, let us consider the func- 


tion 
fe) = 7. 
z2—x 
within the region contained between the contour K and 7,3 
clearly in this region this function is monogenic; we then 
obtain the relation 


SiOu-S1@ &-LyfOte 


the sum on the right-hand side referring to the Cj?”’s which 
are contained between 7, and K. 

If M denotes the maximum value of | F(z) | within C, 
the maximum value of f(z) on different C®’s is evidently 
21M; if q +1 is put in the place of g, an infinity of new 
terms are introduced on the right-hand side, but it is easily 
seen that the lengths of the paths of integration (circum- 
ferences of the C®’s contained between Yq and Yq) have a 
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sum of an order much less than a ; the right-hand side is 


then a convergent series and 


lim f f@)de= Sf @)d2—DSnf@ 4s 


the sign = now referring to all the circumferences C? which 
limit C,. As for the left-hand side, it follows from the con- 
tinuity of F(z) at the point x in C,, all the y,’s being interior 


to C,, that it is equal to2 iF («). The generalized Cauchy | 


formula follows 


(14) ani (x) =f £2 ee a = Sf 


From this formula the classical consequences can be de- 
duced and in particular the fact that monogeneity (existence 
of the first derivative) within the region C involves the existence 
of the derivatives of all orders. This formula (14) shows 
moreover that non-analytic monogenic functions can be 
put in the form of series whose terms are analytic functions. 
It is natural then to look for an associative method of con- 
tinuation applicable to such sums. The problem is nothing 
else than the problem of divergent series: to each analytic 
function corresponds a Taylor development convergent in a 
circle, but divergent outside this circle; this development 
is determined by a knowledge of the values of the derivatives. 
If a series of analytic functions is indefinitely differentiable, 
its derivatives are expressed linearly by means of the deriva- 
tions of the terms, and the Taylor series which corresponds 
to these derivatives is a linear function of the Taylor series 
corresponding to the different terms of the series. But if the 
function is not analytic at the point where the series is 
developed, this Taylor series will be the sum of series whose 
radii of convergence decrease indefinitely and, in the case 
we are studying, will have a zero radius of convergence. 


z 
3 
é | 
: 
= 
2 
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5 
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The problem of divergent series consists in transforming 
such a series into a convergent series in such a way that the 
result coincides with the analytic continuation in the case 
where this continuation is possible. Thanks to the fine 
researches of M. Mittag-Leffler, this problem has been 
resolved for the first time in an entirely satisfactory way ; 
it should be observed that, if it is desired to use these 
results for the continuation of non-analytic monogenic 
functions, they must be interpreted either by the language 
of divergent series, or by an equivalent language if one prefers 
not to speak of divergent series; but in every case by a new 
language, specially adapted to the real novelty of the results, 
and not by the old language of Weierstrassian analytic 
continuation; that is the only language which may not be 
used, since it has an absolutely precise meaning, which can- 
not be modified; Weierstrass’s theory is, in some way, so 
perfect that it can only be departed from by creating a new 
language: if, as M. Mittag-Leffler proposed, Weierstrass’s 
language were adopted, M. Mittag-Leffler’s series would be 
only a simplified method of calculation containing nothing 
more from the theoretical point of view than Weierstrass’s 
theory contains. 


Ill. CONTINUATION BY SERIES (M) 


In order to study continuation by M. Mittag-Leffler’s 
series, or series (/), we suppose that the point is interior 
to a reduced region I’, of order equal to 2 with respect to 
Tr, (the circles of exclusion are defined by numbers py 
equal to V p.); evidently then an infinity of straight lines 
issuing from the point x can be drawn interior to I. 
Mere precisely, if x belongs to I’, within every given angle 
having its vertex x, a straight line interior to I'y, of con- 
venient index, can be found; this index can increase in- 


7 
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definitely as the angle tends to zero, but is determinate — 
when the angle is given (this follows from the fact that the 
sum of the angles subtended at x by the circles which limit 


I, is less than twice the sum of the convergent series 


! j Ss 
(2 : Px) and is consequently as small as we please if 
2 2 


p’ is sufficiently large). We shall suppose, so as not to com- 
plicate our notation, that p has been taken equal to 9’ in the 
preceding argument (the point x interior to T, is a fortiori 
interior to I, if p’ > p). 

We develop F(z) in a series on one of the straight lines 
which we are about to define, interior to T,. Each of the 
terms of the right-hand side of (14) is an analytic function on 
this straight line and can therefore be developed in a series 
of Mittag-Leffler or (M) polynomials; it is enough to show 
that the multiple series formed of the set of these series is_ 
absolutely convergent, in order to show that it represents 
2 wif (z). 

This series is then formed by means of the derivatives of 
F(z) at the point x (these derivatives exist, as we have 
remarked, according to (14) for every displacement on the 
straight line and in I’,), in the same way as the (M) develop- 
ment of an analytic function is formed by means of the 
derivatives of that function; we assume, to save writing, 
that x =o. 

I remind the reader of the properties of (MM) developments 
which I have demonstrated in my memoir on series of poly- 
nomials and rational fractions (“ Acta Matematica,” I 
xxiv). One finds that 


(15) 1_=D'G,(2), 


La % 


> 


G,(z)’s being polynomials which it is useless to write again 
and the series 2 | G,(z) | being convergent in the ‘star.’ A 


NT NNR 
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region S (R, p) is defined as follows: R being > 1 and p< 1, 
“we consider the circle of center o and radius R, the circle of 
center 1 and radius p and the tangents to this last circle 
from 0, the points of contact being M and N; the region 
S(R, p) is bounded by the arc MN less than 7, the continua- 
tions MM’ and NN’ of OM and ON as far as the circum- 
ference of radius R and the arc M’N’ greater than 7. In this 


region, putting ee =), 


p 
(16) > | Gi) |< R 
Consider an integral along one of the circumferences C,” 


2 bee g 
of radius <. 


(17) Sow Heads 
We develop it on a straight line interior to T’,, that is outside 


the circumference having the same center a, as CY? and of 


m 
radius Bs, The radius s being very small compared 
2 


with p,, we shall commit no appreciable error by replacing 


this integral by the majorant function mais , denoting by M 
—% 


_ the maximum of | F(z) | in C,, 2mr, being the length of the 
path of integration (we suppress the factors 2? which have 
no influence since 9 is fixed). If one puts x=4,x', 
Mr _ Mr, 1 
8) Gt ig Ea 


If the point x is inside the region S(R,p) defined by the 


circle of radius Px and center A, and by acircle of radius > I 
2 


(2 for example) which contains within it all the regions we 


are considering, the point 2’ == will be within the region 
n 
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ls oe a, and by developing — , we get the inequality : 
an An 


rs 
D1 G(x") | Le] 
putting A= ; since |a,| is greater than p, we can write 


> Gale") <". 
The development (M) of (17) is, according to (18), when all 
the terms are replaced by their moduli, less than 
Mr, a 


| 2, | 


Anil Anaaait'd i oa edt ARN 


But according to (2) 


and if n is large enough + — > v? since A= = and so |a,| being — 
Pa Pr 
> Png 


M2» <M e™ 
| a | 
This converges very rapidly to zero when , and consequently 
A, increases indefinitely. The absolute convergence of the 
(M) series is then demonstrated. 

Now consider two points x; and x2 belonging to I’; we 
can construct two angles 4; and 42 with vertices at x, and x, 
and such that every half-straight line D, within 4; meets 
every half-straight line D, within 42 at a point x3 within the 
total region considered. We can choose D, and D, in such 
a way that these two straight lines belong to the same I, 
(p being chosen large enough, but afterwards remaining 
fixed). It will then be possible to calculate the function at — 
x2 by means of its values and the values of its derivatives at 
x1, by forming only two (M) developments, one with the 


1 Rh INT ee a eT 
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origin x; and the other with the origin x3. If the function 
is zero at x, as well as all its derivatives, these (17) develop- 
ments are identically zero and the function is zero at x2. 
From what has been said further back it can be concluded 
that if a monogenic function is zero at every point of an arc, 
however small (at all points of this arc interior to C), when 
there exists on this arc at least one point interior to T, a 
limit of points interior to T,, the function being zero at all 
these points is zero, as well as its derivatives, at one point 
of I, at least, and consequently identically zero in [L, 
(whatever p may be) and identically zero in C. These new 
monogenic functions possess then the fundamental property 
of analytic functions. 


IV. THE LOGARITHMIC POTENTIAL 


In the preceding work we have considered singular isolated 
points, corresponding in the physical point of view to the 
hypothesis of an infinite density at certain points; a state- 
ment can easily be given in which the density is everywhere 
finite. 

Consider a regular uniform analytic function zero at 
infinity. If = is a circle such that all the singular points of 
the function are inside 3, if ¢ is any point outside 2, 

F=f 722 
SEY a Co 
the integration being taken in the direct sense. 

Let 5, and =, be two concentric circles outside 2, let a 
be the center of these circles, p: and pz their radii. 

Evidently, if p is contained between pi and pa, 


™F(a+pe) peda. 
t- a—e" 


FOns a), 
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If we multiply this equality by (p2—p)”(p—pi)” and inte- 
grate between the limits p, and pe, the expression becomes 


FOS (o-0)"(o—0,)"dp 
zane f >" F(a+ pe) (p2— p)"(o— p:)"pe*dadt 
Ke" 


f—a—p- 
Put 
f (p.—p)"(p—p,)"dr=—— H 
Tv 
at+pe“*=x+1y. 
Then = 
sae F(x--1y) (p2—p)"(p— p1)” 40 
PHT. ae er oor = e“dxdy 
or putting 
c=E+m . 
$(x, y) dxdy 
(x9) Fo=06, = S Soa e 


the region of integration being the ring contained between 
the circles Cy and Cy. , 

We shall define the function (x, y) stad this ring by 
giving it the value zero; the whole plane can then be taken 
as the region of integration. The function ¢(x, y) is bounded 
and continuous in the whole plane; its derivatives are also 
bounded, at least as far as order m on C, and as far as order 
non Cy; by an artifice analogous to that which we are about 
to employ, it would be easy to arrange matters so that all 
the derivatives would be continuous; in general it is enough 
to know that the derivatives are continuous as far as some 
order, fixed beforehand. 

If the function F(z) has a singular point a, p; can be made 
to tend to zero and if, further, the product p”F(z) remains 
finite for z = a, the formula holds for p: = 0; if this product | 
does not remain finite, in the formula we replace (p — p;)™ 
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1 
eP 


=: 
bye. ofeer- etc. Further, in ‘the: case of a “unique 


singular point, the circle C, can be drawn with a radius as 
small as we please, after the circle C, has been reduced to 
zero. 

It is easy to deduce from this that every regular analytic 
' uniform function, zero at infinity, can be represented in every 
. region D interior to its region of existence W, and approach- 
ing W as nearly as we wish, by an expression of the form 


3 _ (°C 0 y)dxdy 
(20) FO=6 d= JS Pee 
the function ¢(x, y) being bounded and, further, zero at all 
points of D (this hypothesis involves the fact that ¢(x, y) is 
zero at infinity, since the point at infinity belongs to D). 
Inversely every expression of the form (20) in which 
(x, y) is a bounded function, zero at infinity, and contin- 
uous in the whole plane, as well as its derivatives (at least 
up to order m), represents a function which is monogenic at 
every point where ¢(x, y) is zero; for by a simple calcu- 


lation 
stig, =? wo(E, 7). 

If the points where ¢(x, 4) iszeroform a W region, the theory 
of analytic functions shows us that the function 6(&, 7) is 
determined at every point of W by the knowledge of its 
values in the neighborhood of any particular point of W. 
The problem of the general determination of the region of 
existence of monogenic functions can then be set as follows : 
to find the conditions which ¢(x, y) should satisfy in order 
that this fundamental property of 6(&, 7) should hold; that 
is, that the knowledge of this function on an arc of a curve 
where it is monogenic allows the calculation of its value in 
the whole region of monogeneity. 
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Consider, for example, the series of rational fractions with 
simple poles. Denoting by C, a circle with center a and 
radius p, and = a point ¢ outside this circle for which. 


jz =a] =, A-f a(e=r) dedy, 
Ca rp* 6-2 


When the point = is inside the circle C,, the integral is 


easily calculated; putting 


aan its value is 
p ; 
3 N-20° 


¢—a 
The function 
of, 1; a= ce 3(e—r)___dxdy _ 


3 


ap &+1n—x—1y 
is then bounded in the whole plane; outside C, it is mono-— 


- 


genic and coincides with the analytic function — 
—a 


Evidently an infinity of functions @,(&, ») can be defined 
in a similar way, such that the equation 


O,(£, 0) = 


holds for every point ¢ = & + iy outside the circle C, with 
center a, and radius p,, these functions being moreover 
bounded and continuous in the whole plane; if the | a, |’s are 
bounded and if the coefficients 4, are such that the series 


> al 
Pr 


is convergent, the series 


a(é, n) =0,(§, ”) 
will be absolutely and uniformly convergent in the whole 


plane, and will be represented by an integral of the form 


= eS Bek < ae ore 
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the function ¢(x, y) being the sum of a series everywhere 
convergent whose respective terms are zero outside various 
circles C,; this function $(x, y) is then zero at all points 
exterior to all these circles and the function 6(&, 7) is mon- 
ogenic at these points. If the radii p, are replaced by 
€pn, € being as small as we please, the function ¢(x, y) is 
zero in a more and more extended region; it remains 
bounded, but its bound increases indefinitely as e tends to 
zero. We are thus led to consider a priori a function such 
as (21) and to study it in the region C where ¢(w, y) is zero. 
It is natural to suppose the region C to be simply connected ; 
we limit ourselves to the case where this region C consists of 
W regions (these regions may reduce to a zero as a limiting 
case) and of a finite or infinite number of straight lines A, 
in such a way that any two points can be reunited by a polyg- 
onal line with a finite number of sides. 

An important idea is then that of the order of infinity of 
the function $(x, y) in the neighborhood of the straight lines. 
By a calculation analogous to that which has just been 
developed, the convergence of the (MM) developments can be 
shown by making the hypothesis that ¢(x, y) is not only zero 
upon the straight lines (which is the necessary condition 
of monogeneity) but tends very rapidly to zero in the neigh- 
borhood of each straight line. More precisely, if « denotes 
the distance of the point (x,y) from the straight line A 


considered, it is assumed that the product 
1 


eo(x, 9) 
tends uniformly to zero as 7 tends to zero. By means of this 
hypothesis, it can be affirmed that the function @(€, 7) is 
determined in the whole region of its existence by the knowl- 
edge of its values at any point of this region. This hy- 
pothesis contains as a special case the condition satisfied 
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by analytic functions in W regions, for if a straight line is 
within W, the function ¢(«, y) is identically zero at all — 
points whose distances from the straight line are less than 
a number o, chosen conveniently. 

The region C can be reduced to the real axis; that is the 
case of the function 


1 
ae +00 +0 Gdn dy 
8S I Gre soo) 
The Taylor development 


O(E) = 0(Eo) +(E — £0)0"(Eo) + + 


diverges for any value of & but is summable (MM), whatever 
& may be, for every value of &, its sum being equal to the 
function 6(€). The function 0(&) will be called quasi- 
analytic. 

Calculations of double integrals of form (21) lead easily 
to expressions of the same form; similarly in differentiating, 
transforming the double integral by integration by parts, 
it is only necessary to assume the existence of the derivatives 
of $(x, y) exactly to the order of the derivatives of 6(£, 7) 
which it is desired to calculate. To calculate the product, 
if we put 


(22) O(E, n) = fe a f= $(x, y)dady _ 


¢(-2 
(23) 0(E, n)= iis =e “ots ee. 
the product becomes 


_~C° 0? 6 0°? o(x, y)d1(o1, yi)dxdy dardy, 
AE, miu, Deyo J, Je A me ie ae ae 


or since 


I Mos TS Bae 
Pe a ee 
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if we put : ‘ 
SOL dae ere 
hx, y)= =f bas iE ea Bees 
(24) 
6, Nae =f fe yale, 9) . Vey) y)ldxdy 


We can then put in the form of a double integral (24) 
every polynomial P in terms of one or more functions of 
o(£, ») and their derivatives; if the regions of existence 
have a simply connected common region the differential 
equation obtained by equating P to zero cannot be satisfied 
in any portion of this region without being iss in the 


whole region C. 


V. CONCLUSION 


Tue results we are establishing suppress the absolutely 
sharp demarcation established by Weierstrass’s theory 
between real analytic functions and real non-analytic func- 
tions. I do not wish to develop the consequences of this 
fact from the point of view of the theory of functions; I 
prefer to insist a little on its importance from the point of 
view of the relations between mathematics and physics. 
It is a necessary postulate in the application of mathematics 
to experimental sciences, that sufficiently slight variations 
in the data ought not to influence the results appreciably ; 
for, if it were not so, since the experimental data are never 
known with vigorous precision, one could not foresee any 
phenomenon. But certain mathematical properties are 
at least apparently discontinuous, depending for example on 
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the fact that some number is rational or irrational. Thus 
the solutions of the equation : 
a’y 
ax 


+ m’y = cos nx 


. . : Mm « : 
are of a different nature according as the ratio —- commen- 


surable or incommensurable. Nevertheless, in this case, if 


™ varies continuously, the solution y varies very little in an 
n = 


interval of variation of x large compared with the length of 
the periods. It is not always thus, certainly, but the cases 
in which there is no continuity have been little studied; the 
equation 


4 
S +27=@+2X 


lv 


can be given as an example in which the solutions vary dis- 
continuously as \ becomes equal to zero; but this equation 
does not come under the Hamiltonian type. . 

It is important to know whether the properties of harmonic 
functions (that is, of potentials) vary continuously when the 
definition of the functions itself varies continuously. This 
has no place in Weierstrass’s theory; the introduction of 
quasi-analytic functions restores continuity; a distribution 
of attracting masses infinitely near to Ox leads, if the density 
is sufficiently slight in the neighborhood of Ox, to properties 
of the potential on Ox which are not dissimilar from the case 
where the density is zero in the neighborhood of Ox. 
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AN ADORE PRCT 


THE GENERALIZATION OF ANALYTIC 
FUNCTIONS 


ON THE THEORY OF WAVES AND GREEN’S 
METHOD * | 


THE GENERALIZATION OF ANALYTIC 
FUNCTIONS+ 


INTRODUCTION 


HE generalization which is treated in the following pages 
has already been the subject of several investigations 
of mine, in the first place in several notes, published in the 
“Rendiconti” of the Reale Accademia dei Lincei, then in 
an extended memoir which appeared in the “ Acta Mate- 
matica.” Several of the lectures which I read at Stockholm 
were also devoted to this subject. And it is now my pur- 
pose, in returning to it, to consider the general case in some 
detail, beginning with the first foundations. In treating 
the general case it is necessary to consider certain elements, 
which I have called functions of hyperspaces, and which 
represent extensions of the functions of curves that I have 
already treated several times, in particular, in a recent course 
at the Sorbonne. 
A space of n dimensions contains spaces of 0, I, 2,°*”—I 
dimensions, and for that reason we consider functions of 


*Three lectures presented at the inauguration of the Rice Institute, by Senator 
Vito Volterra, Professor of Mathematical Physics and Celestial Mechanics in the 


University of Rome. 
Translated from the Italian by Professor Griffith Conrad Evans, of the Rice 


Institute. 
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these spaces. We shall begin by extending to these functions © 
the fundamental concepts of continuity and differentiation, 
and we shall consider the condition that a function be of the 
first degree. This condition depends upon an extension of © 
Stokes’s theorem. We shall then consider a relation between 
these functions analogous to that of monogeneity, which for 
functions in the ordinary sense was established by Cauchy. 
This leads to new types of equations with functional deriva- 
tives, which present analogies with the equation of Laplace. 

We can separate the functions with which we are dealing 
~ into elementary and otherwise. The former have interesting 
properties and applications. A certain operation of composi- 
tion turns out to possess quite curious arithmetical properties. 

We shall finally develop the operations of differentiation 
and integration, and the extension of Cauchy’s theorem in 
complete generality. 


THE GENERALIZATION OF ANALYTIC FUNCTIONS 


First Lecture 


GENERAL OBSERVATIONS ON HYPERSPACES — GENERAL FORMULA FOR 
MATRICES, AND RELATIONS BETWEEN THE DIRECTION COSINES OF HYPER- 
SPACES — FUNCTIONS OF HYPERSPACES AND THEIR DERIVATIVES — EX- 
TENSION OF STOKES’S THEOREM — CONDITIONS WHICH THE DERIVATIVES 
OF FUNCTIONS OF HYPERSPACES MUST SATISFY, AND FORMULZ FOR 
THE TRANSFORMATION OF COORDINATES — ISOGENEITY — CONDITIONS 
FOR ISOGENEITY. 


1. General observations on hyperspaces 


1. A hyperspace (space of n dimensions) will be character- 
ized by the multiplicity of values of m independent variables 
%1, %2,*** Xn. A hyperspace S, of r dimensions (r <n), con- 
tained in it, will correspond to the multiplicity of values 
which the 1, 2; +++, assume when they are constrained 


A a Oe ee 


sq 
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- by n— 1 independent relations, or in other words, when they 


depend on r independent variables w, w2,+++ w, to which they 


are bound by the 7 relations 


(1) 


K=O, ®>, cee ®,) 


X_=X_(@, Wy, +++ @,) 


Nas Xi (0;, @2, °°" o,) 


We assume the differentiability of the preceding relations, 
and obtain 


(2) dxj= > do, (i=1, 2, 1). 


1 s 0, 


2. Let us consider the matrix 


do, 0®, 00, 


(3) 


do, 0%, 0, 


Let A? be the square of this matrix, and let us assume that 
if the sign of A is given at one point, it is fixed by continuity 
at all other points. When the sign of A is given we shall 
say that the direction of the hyperspace S, is fixed. ‘The 


quantity dS Ae a de, 
will be called the element of the hyperspace. 
Let us take a minor determinant of the matrix (3) 


OX, OX ,,, OX 

Oo, 00, 0o, 
Nites = 

OX, OX, eee OX 

90, Oo, 00, 
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and write 
Brac 
(4) nt t= = 
The a,,... will not change if we substitute for the 1, 
we, «++ @, Other variables bound by arbitrary relations to 


the first, and their signs will change only if we change the 
sign of the hyperspace; we shall call them the direction 
cosines of the hyperspace. We see at once that they must — 
satisfy the relation = ; 


(A) 2 ta = G=1, 


il i ei A tn AM Peete 


in which 2, denotes summation extended over all the com- 
binations of the indices 1,, 13, 1,. | 

3. Ifa space S,_, has a point in common with S,, and the 
direction cosines of S,_, are denoted by ;,...,_,. we Shall say © 
that the two hyperspaces are normal to each other when we ~ 


have the relation 
Qi ee > = Brine oe By? 


where all the 7’s are different from the h’s, and the 
series of numbers 1422, +++ 1,, hy, ho, ++ ha_» is a permutation 
of the numbers 1, 2, --- n, which is always odd or always 
even. 

4. Whatever / may be, we can write 


d ~ 
(5) do,= Ary. (Map Hu * M4) Gaps 


+t} 
A(@,, Wy +++, Op, 0° @,) 


in which the sum is extended over all the combinations of 
the indices 14,72 +++7,,, and the 4’s are certain, in part 
indeterminate, infinitesimal parameters. In fact if we 
form the matrix of the coefficients of the 4’s, among 
its minors will be found the r — 1th powers of the mi- 
nors of the matrix (3), and so not all the minors of that 
matrix can be zero. If we substitute the values (5) in 


Lak Rs AA (ha ont eth 


oe he 
eA 
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_ the equations (2) we obtain 


J 


a (7) Ak = Ziity tr sq 4, . 


(6) dx,= ee, d(Xzy Hy ot Kea) Le 59 


d(@, @2 ++ ©, ) ae 


Hence if diy... -7= ~AMuts-». 1 WE shall have 


fs 


5. Besides the equations (A) the a satisfy other relations, 
~ which we shall find in the next section. 


2. General formule about matrices. Relations between the d1- 
rection cosines of a hyperspace 


1. We shall establish in this section several fundamental 
formule regarding the minors of matrices, which we shall 
often have occasion to use. Let us consider the two ma- 


trices 
Ay Ayn *** Ain 


Ay, Ang *** Gon 


ay G2 °** Un 
Ao, og *** Aon 


(1) (2) 


ay a,2 eee ann Ap ane fat aon 


the first with r rows, and the second with p rows, 
(n>r>p), both however with the same elements. Let us 


write 
ay, Iu, Ty Fin, Gin, ** Try 
= Ay, 1,9 = Bra, hy 
An, An, *** An, Ayn, pn, °*** Fahy 
and consider 
Get, Og, ? Asta 
a A, °° @ 
A.= lt, lt, Iti] =o Ge oe 2,0 ?). 
an, Art, Ort 
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We shall have 


a So se i 1)' As4,Ay t+ -4¢-3t41 °° ttt 


r+1 ss ae 


a >, 2. Ps ty ateya Ge y i eae: ee 2 


From this it follows that 


r+1 ; 
(3) pF Tide cas, eng eng = ©; 
1 ee 


2. This is the formula which we wished to obtain. In 
particular, if we take as identical the two matrices (1) and 
(2), we shall have 


r+1 
ie 
(3 ) pa 1 ARS ic eek = o.* 


Among these equations let us notice specially the follow- 
ing, from which the others all follow: 


(4) Se Assn, be nyo Ata, Rpg a5 Anan, shy obtan, ss hpo 
< Ayan. oS hypo“ ably Mp_g* t 


3. From the preceding formule we see that the direction 
cosines of a hyperspace must satisfy the relations 


r+1 


(B) Pa 1)* «ty oo ty rise tpg igh, hp = O. 


"_ *Vedi Antonelli: “Nota sulle relazioni indipendenti” ecc. (Ann. d. Scuola 
Normale sup. di Pisa,” Vol. III, page 71 e seg.) 
ft Ibid., page 73. 


Rd ie Slee) Say kn 
| mor edie — 


an 
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3. Functions of hyperspaces and their derivatives* 


1. A variable ¢ will be said to be a function of the hyper- 


_ space S, (of r dimensions) or a function of order r, if to every 


possible hyperspace with fixed direction corresponds a value 


of ¢. This correspondence will be denoted by means of 
_the symbol ¢ = ¢ | [S,] |. We shall assume that we are deal- 


‘ing only with closed hyperspaces S,.f 


Let us take a point P of S, and through it draw a 
hyperspace S,_, normal to S,, taking in S,_, a small neigh- 
borhood s of P. If we make P describe all the points 
of S, we shall generate a portion of n-dimensional space, 
which we shall call a neighborhood of S, While P is” 


- describing S, any other point P’ of s describes a new hyper- 
p yp 


space Si, which we shall say belongs to the neighborhood 
of S, The function ¢ |[S,]| will be said to be continuous 
if, when we take a quantity ¢ arbitrarily small, we can find 
a neighborhood of S, such that : 

mod [¢|[s,]|—¢|[s]l]<e; 
where S! belongs to that neighborhood. 

Besides the continuity of ¢ |[S,] | let us admit also the 
following property. Let us pass from the hyperspace S, to 
the hyperspace S/ by giving to each point of S, a displace- 
ment e which varies continuously from point to point. The 
displacement ¢ generates a hyperspace S41 of r-+ 1 dimen- 
sions, of amplitude say, 7. We shall assume that we can 
make {¢ |[S,] |— | [S,] |} less than a number chosen arbi- 
trarily small, provided o be less than some value oo. 

2. With this understood, take in S, a neighborhood s of 
a point P, and give to s a displacement 6x; parallel to x;. 


* Vedi la mia Nota I: ‘Sulle funzioni dipendenti da linee.” (“Atti d. R. Acc 


d. Lincei,” Vol. III, fase. 9.) s3¢ 
+ Vedi: Betti: “Sopra gli spazii di un numero qualunque di dimensioni.” 
(Annali di Mat., T. IV.) 
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Let us denote by 6¢ the corresponding variation of ¢, and let 
us suppose that the value 


lint -2& = S (i =I, 2, +m) 
fee 


exists. We shall call this the derivative of @ with respect to xi — 
at the point P. With the assumption that the ratio which ~ 
appears in the left-hand member approaches its limit uni- 
formly, with respect to all possible points P and hyperspaces ~ 
S, and that this limit is continuous, we can easily verify — 
the fact that if we give to every point of S,a displacement 
of components 6x1, d%2,++» Sx,, the corresponding variation 
of ¢ is given, except for infinitesimals of higher order, by the 
formula 


= wu 
(1) 9 = {> #:udS,. 


3. Let us find out now what conditions the ¢;, must 
satisfy. If the displacements are such as to carry the space 
S, into itself, the quantity 66 must vanish. Hence we must 
have 64 =0 if we take (see § 1, form 7) 


ox, = Dae hy 1 Uy My 
r 


whatever the quantities a may be. Hence 


n 
! 
OS Sana 5 etd 
T 1 


and from this we have 


La 


(2) > 4,0, oo Rp_y =e) 


1 


for every possible combination of the indices hy +-- h,_,. 


4. Since now the a satisfy the relations § 2, (B), we have _ 
r+1 


t 
== = ; = 
2 ) gh, Tipe, Ot 1 M41 ppd 0. 
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If we multiply this by an undetermined parame- 


ter Age,.--a4, Which satisfies the condition that it changes 


sign for every transposition of the indices, we shall have 
r r+1 - 
oa > Hert yt 1) a Ee he Ted i 


a 
oe ae 
and subtracting this from equation (2), 


n 
= ie ia 
C= Dy Px, Di hay 4; tet, Uh, ++ They 
whence 


i * 
(3) dz, ars Dae, ane 0,4, we ;, 


From this it follows that 


n 
ee ih > : x. Near ¢,% a2 00%, S, 


T+1 
= aes t—1 
SJ, Beet » ( I) gyda ++ Gy 4944-1 os Opp 1X G; dS,. 


Consider now the elements dS, and suppose drawn 
through every point of it a segment of components 
5x, +++ 8X,. The locus of these segments will be a space 
S..1 of r+1 dimensions. If the equations of the hyper- 
space S, are 

x= x,(@1,02, oe @,) (a =1,2;°"* n) 


the equations of the hyperspace S,41 will be 
wv = x,(y, @), aes o,)+ @, 410%, (1 = I, 2, airs n). 


* See my Note II: “Sulle funzioni dipendenti da linee.” (“Atti della R. Acc. 
dei Lincei,” Vol. III, fasc. 10.) 
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Let us form the matrix 
Ox, OX, | OXn 
do,” 0a, 0a, 
= iS 
Oo, 00, 
OX, OX2 + OX, 


Let us denote its square by Aj,,, and the square of the 
matrix obtained from it by ee away the last line by A?. 
We shall have 


2 1 
Ani = A, 13,2 > 7) egy +++ 01 %41 «074 1o% a, 


We can fix the direction of S,,, with respect to S, in such a 
way that 


r+ 
Ava = = 1)’A, pei 1} Ogi ee 
1 


2 


where the sign of the radical is taken as positive. If now 
we denote the direction cosines of S,.1 bY Bgg...-¢,,;. Which 


are calculated from the matrix (4), we shall have finally 


dd =f 2 Neegs app 1Parde *Op4y dS, 41. 
Sri 


Hence if S, is a movable hyperspace which passes from S! to 
Si’, thus generating a S,,;, we shall have 


(5) @|[St |—o|[Sil=f | Sb tre iBoee tpi Syae 


It is well to note explicitly that besides varying from point 
to point of the total hyperspace (of n dimensions), the 
parameters } may also vary for one and the same point 
according to the hyperspace to which they refer, and even 


= 

~ i 

a y' 
: 
= 
= 
= 


7 


Ve an ye 
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for the same hyperspace one set of \’s may be substituted 
for another provided the relations (3) are always satisfied. 
5. A function ¢ |[S,] | will be said to be regular (or simple) 


_ when the following condition is satisfied. Let S! and S/ 


be two hyperspaces having a common portion s, whose 


direction is different according as it is considered as belonging 


to the first or the second hyperspace. Denote by Sj” the 
hyperspace which we get by taking away s from the combina- 
tion of S! and S!" and fix as its direction the direction of 
those two hyperspaces. We impose the condition 


\[S?"]| = $|[S/]| + | [S71]. 
When ¢ is regular it follows immediately that if S, de- 
creases indefinitely in amplitude 
(C) . lim ¢| [S,]|= 0. 
We have then immediately the further property that if S, and 


S! are two hyperspaces with a common point P, whose ele- 
ments at P are contained in a single S,,,, of r+1 dimensions, 


(6) PE Ae a Mae Gia Baste -+- p44 eaO) 
where X and )’ are the parameters which correspond to 
|[S,]| and ¢|[S{]| at the point P, and the 6’s are the direc- 


tion cosines of S,41. 
Upon this basis let us consider a hyperspace S, passing 
through the point P, whose element at P is defined by the 


equations i oe 5 : 
Ky = 2, VuGOs 1=1,2,°°n 
4 2, ) 
and let S@~%'""» denote hyperspaces passing through P 
defined by the equations 


P 
s=1,2,-°7 
dx, = As do, + > Di shy doy, iH 
1 


Js hi, he hy. 
D 

dx,, = D>) Aton, Fn (v= hy, he + hy, +1, n.) 
1 
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In particular let us consider the hyperspaces S%~’s-t%t1~ nas} 
and Sta"4-1%4+1'"4+) whose elements at P are contained in a 
hyperspace of r+1 dimensions, of which the direction 
cosines 6 are zero, except By,,...1,,, =I. By means of (6), we 
have 

Gorter oe oe Qe Ae titt+1 +1) 

dytgs Oty tit 41 
where the indices 1:12 --- 1, denote the parameters A corre- 
sponding to the hyperspace S{*""™. Therefore we can 
suppress the indices and write simply 


G4 g_ytt a 
(7) Ce ee Ses Ny tega? 
6. Two hyperspaces S&"?%""2-P and S&~?%-") have 
elements ‘at P which are contained in a S,,,, whose element at 
P is defined by the equations 


& : 
= I * coe T 
dx, = a, ,do, +>’ a, »,de spies tg. 
. 4.) h 
S s ki silty t s#hi, he, — h, 


Dp 


ari = Aap yp dr 14 pa doy, 
D 
= 1 
dx, ae Dd) Myny Fr) (v — hy, hy ee se ; r+tI, aon Nn.) 
1 


Hence, if we denote by 8 the direction cosines of S,4, and 
by aM?) the direction cosines of Sit") we 
shall have 


Bi, MM +++ M, 


(tos 4) ye 
MMg +++ Mp 


» . iS 
where « is independent of the indices m,, ms, «+: m,, and all 
the ’s are zero, in the indices of which %, 1s missing. From 
this it follows by reason of (6) that 


Yr Ve etka Ny) —y + $,) (yy + TRp=y) (ty +++ 1,) (ey or hy) = 
m "hy m+ gm ™, Am, wee m, “5 


or’ 
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where the index (1, °+7,)(1 +*+h,), affixed to the A, means 
that refers to the hyperspace having the same index. We 
have then 


> (by 4) (ty os My) Cl + 4p) iy hy) Cl ves tp) Oa oo Tey) Crom ty) (ty Kp) 


m thm see My My +++ Me, ak m Xm My Om ++ Ms, ? 


~ in which, by means of (3), we can substitute for the 


x ote O) (Ay oe hp) the Fis vee Oy) (Fey 2 ev 


tng ~My tng My and consequently, the 


Arp mm, Of formula (7). 

We observe however that the hyperspace S}"’ 
nothing but the hyperspace S,, and therefore we can 
take for the )’s belonging to this space, at the point P, 
the \’s without index of formula (6). We have then the 


theorem 

If @ is a regular function of the hyperspace S,, contained 
in a hyperspace S,, there exist for every point of S, 4 
system of values which can be considered as the parameters 
Nuts ty21 Jor all the hyperspaces S, which pass through that 
point. 

7. From the equations (5) (C), assuming that ¢| [S;] | is 
regular we get, ' 


(5') g | [S,] | Ap dechaw oa Gp dae ane Pee re 


& cbr | s 
#7) (hy +++ tp) is 


Here S,,, is an arbitrary hyperspace of r+1 dimensions, 
whose boundary is S,. If S,,, grows indefinitely smaller 
about a point P, by writing 


San J, dS 41 
we shall have s]| 
5 e [ A ae do 
lim cae => Aan: 


* Or4¢-1Bauae + U4 = dS. 
r+ 


where the @ are the direction cosines of S,1 at P. 
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Let us take S,,,=S@%"" + such that at P all the direction 
cosines 6 shall be zero except Byr-t4;=1- We shall have 


type 


i) 
s 
> 
> 
ae 
> 
‘ 


Therefore we shall write 
dd 


Nut SS ree SS Se 
s+ 4d 3 
O( xX ee X41) 


and define this quantity as the derivative of @ with respect to 
X,.%,*** %,,. What relations must these derivatives satisfy ? 
Before proceeding to the search for these relations, it will 
be necessary to give an extension of Stokes’s theorem, a 
subject which is dealt with in the next section. 


4. Extension of Stokes’s theorem 


1. Let Ly,...4, be functions of the points of the hyper- 


space S,, such that every transposition of the indices creates 
a change of sign, and form the expression 


_ wi tes 
(1) We = > 8 a # 
1 


“to ahsg ao fey : 
Ox, 


Let S,4; be a hyperspace, of r+1 dimensions, bounded 
by a set of hyperspaces S,, let its direction cosines be 
Qit-4741, and form the expression 


[tes 
+1 


r 
putting Q= DM og tyy 1 Ugly ty? 


If the equations of S,,, are 


X= (1, Wa *** W,41) G= I, 2, n), 


LOND pet he AEA ROA AMAA YY) : Ke 


es 
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we shall have 
OdS,41 
=> M lalate ve er + Eras * 


$4, °+°1 
1°2 T+1 d(wy Bas ca) 


= oS >. Lis fe see “44 d(x Xs, eae Diet te aoe X14) 
d (wre +** &p41) 
‘ w1dwe seis AW, 41 


ddie cag Mike. ** 
=>, ( dye ty MEM, 5) dey, dun do 


d(o1, Ga, °°* Writ 


ae ae ee | 
et Shas ago ha ad 


Ow, A(wr +> Wags 1 @p-4 


Hence 


Sf Oda 


r+1 


r+1 d(x. x “x ) ; 
-{>, Blatant Meader deen 


* Oy O141°"" p41) 


We can make the hyperspace S depend on r independent 
parameters @1, W2 **+ @;, whence we shall have 


ig€ A(x 4, °° xy ) Z 
Sp tS = Jy Blase Ga ww 


From this comes the formula 


(2) Ap SMa, vty 14, wtp O9r41 =J, Sela, Pies dS, 


where the #’s are the direction cosines of the hyperspace S;. 


2. From these formule it follows that if 


Z >, Lys, oro 1,Pis, ae dS = 
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for every closed hyperspace S, in the region S,, the neces- 
sary and sufficient conditions that must be satisfied are 


r+1 


= = wa ety tg ates frat 
(3) ‘ Mis, gs = 2. 1) Ox, : 


for every combination of the indices 1422 +++ 1,41. 


s. Conditions which the derivatives of functions of hyper- 
spaces must satisfy. Formule for the change of coordinates 


1. Let ¢|[S,]|be regular, and return to formula (5) of 
section 3. Since the integral which appears.in the right- 
hand member does not change when S,,, changes, provided 
the boundary S, does not change, we must have 


{Bose Je =e 


when the integration is extended over any closed hyper- 
space S,,,. Hence the necessary and sufficient conditions 
which the A must satisfy in order to be the derivatives of 
a regular function of hyperspaces S, (see section 4, article 
2) is 


r+2 OA, cued 1 seed 
tj s—1 a ‘s—1%e+1 T+2 =a 
(D) x se 0 


for every possible combination of the indices 1,12 +++ i,49. 
We can write these equations, making use of the symbols 
of section 3, article 7, in the form 


r+2 


(O92 2. CON 5, arate, 0. 


Meet a) 


We shall call these conditions the conditions of integrability. 
2. Consider now the formule for change of variable, 
transforming the variables x1, x2 +++ %, into x}, x2 ++ x, by 


Fry ae eS 


~ such that 
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- means of the relations 


y= H(i, Xe, *** Xp) (G=1, 2, 2) 
(x4) %2 +++ Xn) 
d(x1, X2 +** Xp) 


is always finite and different from zero. Let us consider 


- two regions which correspond in a one-to-one manner, Sn 


and S/, one belonging to the first set of variables, the other 
to the second. Let S,,, be a hyperspace, bounded by S, and 
contained in S,, and let S;,:, bounded by S/, correspond to it 
in S’. If we suppose that S,,; is given by the equations 

uy = x, (wie ee p41) (i cae eee n), 


we shall have 


¢ | [S| 
5. f y 0d A(X, age: X41) dudw oes AQ) 1 
Seay (4% : 


ae Hess) A(w1 ** ras 


dle gy) Uh) 
1 


d¢ 
oe ine Dd, + Kapa) Dindl, “++ Xn,4,) U(@r *** @r4) 


as ff = d(%n, jee Kiss) s db d(%, ee 44) du 
Ce ea d(w1 nia p41) 10 (%40°°%4,, 1) A(X, ae Kites) 


, dd d (x, eg x ) , 
3a amet ATE 
ie oe De td 2G, eee He) d (Xng AAG Kings) f 

where the @’ denote the direction cosines Ol Seri 
If we write 


ae ee 


++ dpa 


A LS pan d(x, ¥ 41) 
Tyhge Tega $0(x,, Say! X44) d(%n, ia Xinas) 
we shall have 


¢ | [S,] | FZ ¢| [S;] =f, DY bite tras Srn tgs PSrets 
T+1 
do 


eeoB, = Th ea 7 : 
1 T+. eee 
I (Hn, *°° Mpa) 


whence A, 


and add them, for all values of the hs, we shall have = 


>: ap : d(x cats “** ¥iy) 
h 


O(%i%n, °° * Xe) Cn : 37" %ny) 


oe 


dp - Ss ++ Xq) 
~ 8, bad eed Xen) d(x 4X2 = ES: 
Shee 
(A, he See hrs, hrao* aes hay= (51, Soeee Pore Sr42°** 5) = (1, 2 ie my 


the notation being used to denote the fact that the groups 


of the h’s and of the s’s are two even permutations of the 
first m integers. Hence : 


0p . 
Yemen a f 
( ) O(% 5X5, eee Konus) : = 3 
I S Od D(X so epyg °° Xs, i 

~ doen +++ Xp) OK XD, *** Xn) TH Mag 8° Xing) | 

A( x29 +** Xp) + 

4. By means of the equations (D’), which are satisfied : 
by the functions | and the analogous equations _ 
a Mee t 


satisfied by the functions ; he 


IG ee obtain the | 
h eee Xn 
theorem : n r+ 


ere eee Se Le 


TNA ae ee et 
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If the quantities ay,,...1,,, (which change sign for every trans- 


position in the indices) satisfy the equations 


r+2 0a, Ra eo Bees! 
pees Fos ee ett eee 
G) Es ee ee 


the quantities Qyp,..r4, given bY the formule 


, , , 
a, = Eee = a, dX o% tras se Xin) 
hh, +h. eS 7 4, °°°% 
Tie mse st d(x; eee a) gia irtt A(X ot oe X4,) 


d(x1 ++ Xn) 
(41, Ig + In) = (hi, hy ++ hy) = (1, ee n) 


will satisfy the analogous equations 


, 
, ee s—1 OA,» nyse Np = 
3 ) > I) ax. Bi 
. : a 
ad 
5. Let us write = Ay ty 


A(x, pes Xtras) z 


We wish to show that if the following conditions are satisfied 


T+2 


(4) > [= 1)’ Ayo tg 44gyy 0 tr+204 ny + hy =O 


1 
and we make a change of variables from the Wy Hig BR 
to the «1, «5, ++x}, we shall obtain the result that the 


quantities 
dd 


, 
An, oh Se So ae 
1 r+1 , ee. 
O(%, Xne+t) 


will satisfy the analogous equations 


T+2 
(4) pa & = J )"ay, ve gig 0° hrs + 7 = On 


that is, we can write — 
Bree ts tan eee eee eae a 
[Area Arta] 

If we write o*: = B., 


Ox} 


we shall have, by means of (1), the equations 
: Ay, => Aig 
a, i aoe e . . ont we 


Arsrt eet Artistas 


Bry, ane By, tr+1 


. ° ad . . 


Bugs : ie Beas ir+1 | 


that is, if we define > b= Cs the relations s 
1 


C,, a C, Ip 


ep = 

ay, one DB; = ° ‘Ss j 

ES SE ah Gast me eek Pett t 

‘e- ct 

. ~ ; o| 

In other words, the quantities a},...n,,,are minor determinants 
of the matrix j 
Cy Che sa Ci, iz 

= 

Co Cop +++ Con 3 

mete 5) PR Ree B 

Crit, 1 Crys, 2 e Crain : 

and so the equations (4’) will be satisfied. 


When the equations (4) are satisfied, the function ¢| [S,] | q 
is said to be elementary (see §§ 10, 14). 


~~ Bk a Ae 
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6. Isogeneity * 


1. Two complex functions f, ¢, of hyperspaces S,, which 
are regular, are said to be isogenous if in every point of the 
total hyperspace S,, the ratio 

ab 
dS 43 
sit 
aS 41 
is independent of the hyperspace S. 
Separating the real and imaginary parts, let us write 


of z 
O(%1,%1, see Xe) Piney + 14, +++ tray a Pi +19q; 


dg 


d (4%, = Mey ) 


= } =@ | 
Ob tray ar IX go te 1+ 1X1 


where I denotes the set of indices i++ 741, that is, 
T= (i, ++ i441). The necessary and sufficient condition in 


order that f and ¢ be isogenous may be written 


@,+X1_ Oxnt1Xn 


(1) Pi +93 Pu = Qu 


where H = (hho +++ h,41) is another arbitrary combination of 
the indices. From the preceding equations we find 


@ Py — Oy)1 = X4u — XID 
(2) ®14 4 — @yQ1 = XuP1 — X1P u- 


2. Let us write Pipa t qx = E;, H) 
Dida — Pudi = D,, H 


*See my note: “Sopra una estensione della teoria di Riemann sulle funzioni di 
variabile complessa.” (‘Atti della R. Acc. dei Lincei,” Vol. III, fasc. 10.) 


= = If we a the equations. aus 
= have Se 

= | Eiki Fuxa, SS Em Jeena 
‘Since, ioe Se first member of these equations d 
not depend on H, we must have 


@, = EsX1 — Ena — ExxX1 — fake 


Diz KI 


= (ExuX, — EuxXn) Liz — ~(ErxxX1 — Eyre) Em 
Dyl ix — DgrE yn 
= EaXe — ErxXu : 
Dax 


In a similar way we can operate on the expression 
for xX, and therefore whatever H and K may be we 
have the formule 


Ss ee cy E qx — Ej ,@ 
E = IHAK IK, VL . =e IH K “IK H- 
OQ ASS 
4. From the preceding formule it follows that 
Dyx@, = EqaXx — ErxXu, 
Dxj@y = EuxX1— EniXx, 


DizOx = E xiXx —E KHXD 


Salle ie Ok Ent Lei tyre A eleliee 4 ALA INABA 


nil pee ey ote pea cet Ie 


ak 


iA Nala ai 38 
eae 
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hence, whatever J, H, K may be, we have the formula 
(F) Dyx®i+ DgOa + Diy©x = 9, 
and similarly, DyxX1+ DeiXat+ Diuixx = O. 


5. Let us return to the equations (E); from them it fol- 


- lows that 


I 
(5) 9n=p 


IL 


@, X1 _XeEu 2 XnE ry _ XxEin = Xubne 
|@;, Xz! DyDarx Z DyDuax - 


= EaXkX1 — ExXxX1 + FexXeX1 — LeuaXKX1 : 
DiyDar 


If we interchange IJ with H and L with K the last member 
of this equation will not change. Hence we shall have 


Oy XH 


@x Xk 


(6) De 


@; Xi 


@, Xz 


I 
Dux 


In other words, the quantities 9,, are independent of I and 
L, and so we can denote them all by 9. 


If in (5) we put = H, L=K, we shall have 


Eye, — 2 Enxxixi.t+ Euxi 
(7) @ = TIAL Di, L LLAI 


= (p1X1 — Pix.) + (qiX1 — 1X1)" 


IL 


formulz which show that ® is a positive quantity. If in (5) 
we interchange @ and x, and p and g, the ® will not change, 
and we shall have for ® the alternative expression 


ioe Eyq@ x1 — EF x@p70, + Ey x@y®, — Eyy®Kx®1 : 


f @ 
(5) Dy Dux 


_ where (x,) is a substitute for (x4, a ie. 
(x7) = (%4, Xo Xie 


The expression for ® can now be written 


(G) O= 
Op dy oY dy oy oy (OW 
Ba.) A(x,)  -*8 Gen) IGE) Borate de) er COLIC 


D 7D HK 


where in place of y we can put either ¢; or ¢p. 
6. We know that the quantities and x must satisfy the 
following equations (see section 5, article 1) 


Po erro ti OH OW A 


7T+2 2 
ae 0 es t+ 


te 
paiplee I) On, tr te—tep1 tr42 =0, Pa ey oa Xt, + A 1fs41"" rm, 


and therefore, from (EZ), we have the following equations 


T+2 F) 
Re ies 


| Bacto ta i oe ees tp 429 zi = Of 


Dux 


<2 OR Be senacsiianiaies 


T+2 fe) 


>, Gi 1) Se ax, 


| OnE sty atygr bya He OH Eg ty vy ey tea «| =o 


Dux 


ere ee 


ON te a ee ee 
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or, by reason of (H) and (F), ¢: and ¢2 must satisfy the 


equations 
r+2 0 


lee 


1 


ay g 
t DFR Pome a 18 (x5) al reat ae er +499 See 
Diz j 
“8 ay SOU, MOE 
(F ) Da 8(x;) = Px15G.,) + Ding) = 0% 


7. Conversely it can be shown that if y|[S,]| is a real 
regular function and satisfies the preceding equations, it 
may be considered as the real part of a function y+ 76 
isogenous to f. In fact, by means of (H’) we can write 


id Zo ees ce 
#18 TGe5) #1. K5G,) ey 06, « 
Dux O(x)) 


: where (x)= (%¢ *** %4,_,%tj41 °° 44g) But from (F’) and (3) 


it follows that the first member of the preceding equations 
is independent of H and K, hence we can take the Oy as in- 
dependent of their subscripts and write them all equal to 8, 
so that 


ay ay 
Eurscc) Oe) 00. 
Dux a (x7) 


And now if from these equations we follow the inverse pro- 
cedure to that of articles 1, 2, 3, we find that the ratio 
a) 
0(x,) 
Pits 
is independent of the indices (J), so that y+ 18 is isogenous 
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to f. The equations (H’) and (F’) operate inour case inthe — 

same way as the equation A?=0 in the theory of Riemann. _ 
7. Conditions for isogeneity. 

1. If we take arbitrarily a regular function of hyper- 
spaces S, it will not always be possible to associate with it 
an isogenous function. In order for that it is necessary _ 
that certain conditions be satisfied. In fact if F|[S,]| is a 
regular function to which. ®| [S,] | is isogenous, and we write 


oF oP = 
O(x oe X <= Po tetas O(x woe Xe ) = . “G4 
4, $41 4, 41 
O, ty 
we must have = 
Poti 


where @ is independent of the indices 1 --- 1,,;. Hence it 


follows that = 
Ob tour = PPh Gar 
so that 


= 2 
= 1) oe teatet tt = 3 (— 1) PPh teatesr tra) 
Ox, : 1 : Ox, 


3 
= r+2 Sy ad 
2.6 1) Protester tre oe 
From this we conclude that it 1s necessary and sufficient 
in order that there may exist a function rsogenous to F|[S,]| 
that the system of simultaneous linear differential equations 


rT+2 
(1) SS Pia ee == = 


4. Sees 
T+2 Ox, 


T+2 
at 2 


admit solutions. 

It is for this reason that in § 9 we shall study systems of 
differential equations of this form. In the meantime let 
us observe that the equations (1) may in some cases be in- 
compatible. Thus, if we have in four dimensions the regu- 
lar function F'|[S,]|, the equations (1) become 


SY Re ee ee eee 
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— prs sf + pu 5% - ~ pu st mo, 


Eph Op OG 
Pst ay, + PM dy, P23 5 =O 


aoe og op 
pa gt Pat gy, — Pm gy = % 


da gge t Pag — Page =o 
and these etinns will be incompatible unless 
Pips t+ Prisha + Prspos = O 
2. We now proceed to prove the following theorem : 


The necessary and sufficient condition in order that equations 
(1) admit a common solution ¢ 15 that we can write 


2) Pung = B,(- Se 
ene 1 ‘ x, OX, as Mt, * stl cee Keay) 


where w is a regular function of hyperspaces. 


oy 


Let us write ——__*"—_=4@, ...4. 
O(%, i i) GM, ty 


It is easy to show that if the equations 


r+1 


(2’) Pty ty = Pao ct sath te—1te tt ++ tr+d 

1 
are satisfied, the equations (1) will also be satisfied. In fact, 
we shall have ;42 ad 


AH T)'Pa at =otn 9 
1 t—1441°"° "r+ OX, 


T+2 r+2 
we oS >3 ses 1)°t?— Op Od iy». F ot ii F ae rr) 
Ws Ox;, Ox, reer Toto py oe 1 ttt T+ 


; 42° : i ; 2 
; 8 a5 *te—1tep1o oe 22 = 
—— a Re Se eae ies 
Thus we have shown that our condition is sufficient. : 
show that it is also necessary, let us execute a nae a " 


variables, instead of x, X2 +++ %, taking x=, xh=xy + + yg 
If we prime the letters which refer to the new ectel we. x 


shall have . 
Ist) if | tay bay 2" 1,1 
= Od 
Gt + = Ts as oe (—1)5 eae hace 5 ae Ax, 
2d) if =I ; 


dg d¢ 
= -1,/ ee ef aS! ee 
1, co Sol t= 1)° qt, se tg qty tr Ox —_ ( T) Git, + th—141 ahr Pe : 
& 1 tg ‘th 


Supposing momentarily that 7, -+ 7,4; 1 we shall have 


r+1 


Por gar >: igh a Fg ato 4d oo try 
1 


7ST nde seecpeyas ardafi 


t+1 dp r+) (8) ; dd 
_ ates — t I 
> A 1) dag ( 1) Git y_ateg a oo ty ahog a typ Ox, 


t—I ; t<s 
where =|! according as i 


Hence 


2 : r+1 So 0d 
(3) ttl = 8 iS 1) Gyo ty atep a eg a ‘ 
1 : wt, 


Oe CS Eee A ee ee eee 


~ 
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If we suppose instead that some one of the indices of 9 is 


equal to I, say 1;=I, we 
! dp , 
(3') Pit ~ Bxeth" 


r+1 


tye, A 1) "G14. 
2 
We shall show that (3) 


from (3') we have 


! = 
Jig ty 


so that (3) becomes 


tra 


255 (— ee Pin se ae eo! 


shall 32 


oe 


oe” 


Op Oh _ 


*ts_yto4a “THO 4 WE. 


is a oe ues of G3"). 


dg 


)'t lt: 19%, 
t 


wt iatiyy 


0p + 


~ Ox} Ye 


“ty. ir 


In fact, 
Pret Pity thy 

ce 
Og 


Ox, 
se 


and if we put ip = I, this gives us 


T+1 


0 


Dae ts 1) "Pet, sede 


sti ty Ox, =0, 
Ss 


an equation which is identically true. 
We must now prove that the functions 


Gy ty 


= _ Pity L lta try 
Ob 


Ox, 


satisfy the conditions of integrability (see section 5, article 
1), assuming therein that ¢ is constant. 
We have in fact (see section 5, article 3) 


2! I 2p d (X45 lms X4,) 
rood RP Nyhg + hh - 
lig ieee d( px ++ Hn) tgs Nps y d(H, 5 oe Xn.) 
A(x 1X2 *Xy) 
where 
(hihe i Aysshr+s se h,) = ae (1i2** titre ** ot) =(1, 25°" n) 
so that tis Pity tpg 


teed oy 


¥. 


And: so if we apply the theorem of section a eae 
shall have. = eS is 


Pa STAC Potash 
o= > ( -1) ax, (8) 
<2 Ox, 
r+1 


a Bes | 
= x oe ax, fe fe—ateg a a1" 


2 
The functions q’ then satisfy the conditions of integrability, — 
and it will be possible to determine a function w which satis- 
fies equations (2). Thus it is shown that the given Cont: 
tion is necessary. 

3. Given the F for which (1) is satisfied, the y which 
satisfies (2) is not determined. We shall see how all the y’s 
which satisfy (2) may be found when one of them, yi, is” 
known. If y andy satisfy (2), and we write. 


2a Oye NET 
Y—i = yr, CMS 


> 


he weer: 


>= 


2 leita Bake joe 


we shall have 


and therefore 
(2) : 0® rans 
us dC} ee O(%, oe Ny 


Para ret ve X4,) 
in which ®|[S,_,]| is arbitrary. , 
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Second Lecture 


EXPRESSIONS FOR ISOGENOUS FUNCTIONS — AUXILIARY REMARKS ON 
SYSTEMS OF SIMULTANEOUS DIFFERENTIAL EQUATIONS —ON THE ELE- 
MENTARY FUNCTIONS — COMPOSITION OF FUNCTIONS OF HYPERSPACES — 
NEW CONSIDERATIONS WITH REFERENCE TO THE RELATION OF ISO- 
GENEITY — DIFFERENTIATION AND INTEGRATION — ISOGENEITY OF 
ORDER 7. 


8. Expressions for isogenous functions 


1. If F|[S,]| and #|[S,]| are isogenous, it follows from 
what has been shown in the preceding section that we can 
write 


= r+1 0 
= Pity = «b= 19 ped af 4 


(m5, ° X41) Ox, d(%, is Fads Ba ae, 
7 r+1 O 0 

oe es ct 

CH oe Kings) ie fs) dal paced args 41 


where y|[S,_;]| is regular and ¢ is a function of f; and we 


know that the ratio —‘“#! (independent of the indices) is 


ai S41 
equal to . 
Let us write af 
digi 5G, ae xi,) 


It follows that 
tg_ gsr tg , 


3 atu 
(1) Ne ae ee Se 


8 


+ = — es 
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If now S,4, is a space of r+1 dimensions whose boun- 
dary is S,, we shall have 


FUSM = fy PP yotestitntSean 


where the a,...,,, are the direction cosines of Sa.) ee 


41 
we substitute for the #’s their values (1) and apply the ex- 
tension of Stokes’s theorem (see Section 4), we shall have 


@) FISI| =, £5848, 
and similarly, 
2’) sisji= fees, 


3. Conversely, if F and ® are given by the preceding for- 
mulae, with ¢=¢(f), the F and ® must be isogenous. 


9. Auxiliary remarks on systems of simultaneous differential 
equations 


1. Consider the system of differential equations 


T+2 F) 
= 1s ther ae = a. ie bad 
1 


fs_ihs4ase try Ox, 
8 


whose coefficients satisfy the conditions 


T+2 
— 8 — 
(2) 2, I) Aid Ah ager hey SO 
and are such that they cnange sign with every trans- 
position of the indices. With this convention, if we have 
an H with two of its indices equal, its value must be 
zero, 
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2. Among the 4’s, one at least must be different from zero. 
If Aijig.-s,,, is such a one, all the equations (1) will follow 


from the pee (independent among themselves). 


(3) Lge eeat, =0, H,.... =0O, °° tS 


443g 44 yhn-7-1 O, 


in which none of the hy, hz +++ hy-»-1 15 equal to another, or to ant. 


Let us take, in fact, the system 
(4) Tet, =0, dc, 


T+ a 


el sae 


trp ates — O 


where the &, are arbitrary. If a k, is equal to one of the 455 
the corresponding equation will be an identity; otherwise, 
it will be one of the equations (3). The equations (4) can be 
written in the form 


Op _ 
, Pe Die £43 1)' Arg, ~4—i%41-" 0x 


If we multiply each one by (—1)? Ag....k siggy tegen and add 
them together for all values of the subscript s from I tor + 2, 
we shall have 


7T+2 24 0d 
7 ANGE: rah 1) Eby Fem iPep i +2 aan 
ks 
T+2 


19 Ss 
Sy as i OX, ae kt tam ghia Seg AB bets eS) 


1 
r+2 0p 
s facet _ 
whence ps (— I) iTS hen at ot By Ox, = Fy, Epi =O 
s 


so that the theorem is proved. 


3. Now let us form the alternating function of Poisson 


i tha 


18a F429 ae, 


taking n=, n=h, beay =x: and writing h,+2 = 1,435 


a) 


Aga! 

bre my ! ee 

ia Bey ie 
7 a Thies iy zm 
f Nat haat 


$ (—T) 
Sar Sa : —— a —— 
= py tata S (- nd a 
ye 04, 4 etter Ixy #9 Ox, 
‘a ~ i 
i= THQ : 0A, r+2. = ’ : = 
+2,(- 1B Ass ans tes = ap 
: Dae 4) Le 2, ( 1) ‘An, Tyo hy ee 8x, 
s 
: T+2 : . 
+3 ,(- pr Autre tater ran) Ob 6 
“ OX. Ox, 
yy 
a pa es pir Air dn, mermar bras) Ob 
: O%s,49 Oxy, 
r+2 
ay = piri Aan tar Aondaatos trys) Ob Og | 
OX, dx, .. 
: re EY 
+2 
->, = prt Ayn Ag ter nbea) Ob | d¢ 
OX, 3 OX», oe 
If we write a | 
ae ; 
oe Cae Sa =e 
~» ( I) Xa, 7 Lh yyy? 3 
we shall = a 2 | 
(Hn, hrsgld fe ae . 
r+3 
0d 
. 
A, ee (—1) Does ty tgp tgs Oe \ 
r+3 we | 
Ns ins Ea ga i 
+ a ( pee ax, fa tty isa *t413 = L, aussie as | 
= Leese asl | 


dean filha ng Oo Bo 


The Generalization of Analytic Functions 87 
Hence to the system (1) we must add the equations 


r+1 
0d 
— s — 
; > a 1) Eo aoe = tp43 ax, =0O 


so that if the conditions 
T+2 0 A 


4, -++40_yte14 °°, 
ro £2 s yO foe) sso aie ee 
Oi eee ss de 1) OX, =O 
s 


are satisfied for every combination of the indices 11 *** Up42, the 
system (1) will be complete. 

4. From this it follows that the equations (1) of section 
7 will form a complete system whenever, in addition to the 
conditions of integrability (see section 5, article 1), the 
functions > satisfy also the following conditions : 


T+2 


(5) sae 1)"D,-tyaateyt wo tpg gP Agfa Dy aS 
- : 


Hence for elementary functions (see section 5, article 5) the 
system of equations (1) of section 7 is complete. 


10. The elementary functions 


1. Let us suppose that the function F | [S,] | is regular 
and elementary, so that the system (1) of section 7, or the 
equivalent system (3) of section 9, is complete. There will 
exist then r+ 1 independent integrals 


d, Gis. py. 
Hence the ratio dF 


Po + tp =a (ae, re aps 


°* (UG, BD) (Fas=8)) 


d(xs, oi X41) d(x, ie X41) 
will be independent of the subscripts i, +++ 4, and we shall 


have gd, b1 ++ 1) 
Pago tea1 2, d(x, 60 Kia) i 
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<4 OP a4 hea trae 
But we must have mS I) ener rages os oO, 
d(¢, gis ¢;) 


SS Oo, 
“Si oP on X49) 


h T+2 ( ) 00 
so that — j)>—— 
2 Ox, dX, 


r+2 fale] 
and consequently dys“ DP ty ates 6429, =O 
1 3 


The quantity @ will therefore be a function of ¢o, qi, **:¢,, 


and if we write 2 = 6, we shall have 
= Odo d(¢, di — ¢,) = d(po, 1 ors ¢,) 


aS Oe d (xy ++ t41) Ao X yaa) 


p 


We have therefore the following theorem : 
If F 1s an elementary function, it follows that 


oe ee 
A(x, ces SE d(x, ane *41) = 
where ho, $1, °** >, are independent integrals of the complete 


System - 
T+2 


8 0p 
(1) ot Paeteresi ag. = 2 


2. Conversely, if we take r+1 functions $o, d1, --- ¢ and 


write 
d(do, o1, a ¢,) = De : 
A(x, ae x4) janis oe 


the quantities p,,...4,, will be the derivatives of an elementary 
function. In fact, they will satisfy the conditions of in- 
tegrability, and also the conditions (5) of the preceding 
section (see section 5, article 5). 

We shall say that the functions go, gu, «+: ¢, are conjugate 
to the function F, and that F is conjugate to them. 


The Generalization of Analytic Functions 89 
3. If ® is isogenous to F, and we write 


od oe 
ny iaeeRE cee NG Weg v 
O(%, an Xa) T+ 


we must have ik y 
2 


: Poth 
 y being an integral of equation (1). Hence w must be a 
function of ¢o, ¢1,°*"¢,- If we take p = , we shall have 


@, ice = Or d(@, $1, bone r) = d(n, $1, 29),) 
ae 41 0d A(X, eee Ky) A(X, eee Xe. 4) 


? 


_ from which we deduce the theorem: 


All the functions isogenous to an elementary function are 
themselves elementary. 

4. If we apply to the elementary functions the formula (2), 
section 8, relative to the possibility of defining isogenous 
functions, we have 

= d(o ’ ) ye dr) 

(2) F |S] |= Jo Agee dan doy 
where 


%1=%y (or, pee Wy), X= X2(, cial @,) oe MaHhal Wig ore ws), 


the equations of the hyperspace S,- 


11. The composition of functions of hyperspaces 


1. The results which we have obtained in the pre- 
_ ceding section can be expressed in a different form 
by means of special symbols. That is what we shall 
do in this section, after having proved a fundamental 


theorem. 
Let F|[S,]| and #|[S,.]| be two regular functions of 


See ot 
= ge we tesa r+I at a. time ; and the oe <4 


extended over al the Se a =e eas su 


in a oe is even or Sore 

2. We shall show that hese exists a regular function 
W|[Sii]|, such that Bees 
ow | 


—————- = ™, 
(x, was Xtina) 


no 42° 


In fact, the quantities m satisfy the conditions of integrabil- 
ity (section 5, article 1); that is, 


1+3 : 
> (= 1)° dm, sr fg pho py Gg 
7 Ox, 


ap afatatet en tee ear nr ae 


t+3 Ayer hypo ra] 5 Seas 
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3. To represent the fact that the relation (1) holds among 
the three functions F, 6, W we shall write 


i scaling Se ashi ASE 


V=(F, ). 


We have immediately 


(F, &) =(—1mrrrn(a, FP), 
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_ If @|[S,.]| is a regular function, and we write 
ag 30 
: A(X. +22 Ky 


=N 
) hy43 + Ny+3 
0+3 


Ce 
= wee 
Vos otgaa= yy (ED BE Pra tras Tira mega Mica hogs 


= (Pots) : 
or =a i= 1) S-fo43 Mn -- 49) 443 ho3? 


it follows that there exists a function A|[S,,2]| which is 
regular, and such that 


9 ee 
A(x, %, ) fie ty43 


We shall write A=(F, ®, 9). 


And in general if the functions F®|[S,]| are regular, we 


shall understand by 
(2) M=(F™, F®, + F®) 


k 
a regular function of hyperspaces Sz, R= Dy? +k, obtained 
L 


as follows: 


P, =(F™, f hae }3= (Po, poy, M= (4, _,F®). 


We shall say that M is composed of the functions A lg Dee 
... F® and we shall call the operation denoted by (2) the 
composition of the functions F®, F®,+.F®. The operation 
of composition of the functions F® evidently possesses the 

_ associative property. Inversion of the elements of M can 
only produce changes in sign in the result. 

The F® will be spoken of as the divisors of M. If M has 
no other divisors but itself, it will be spoken of as prime. 
If two functions have no divisor in common, they will be 
said to be mutually prime. 

4. Without stopping to develop the theory of divisibility 
in the present sense, we can give directly a few of its proper- 
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ties and apply them to the results of the preceding sections. 

Thus, every regular function, which is not prime, can be 

decomposed into prime divisors, and this decomposition can 

be effected in more than one way. If a function divides 

one of the divisors of a function, it divides the function itself. 
Two functions F and ® will be isogenous when 


F=(%, f), b=(¥, ¢), 


where f, ¢ are point functions and f is a function of ¢. If F 
and ® are isogenous, so will be also the functions 
(F, 8) and (, ®). 

No function is isogenous to a prime function; in order that 
a function may be found isogenous to a given function it is 
necessary and sufficient that the given function should admit 
a divisor which is a point function. That is, it is necessary 
for it to have the form F =(¥, f) with f a point function. 

An elementary function is obtained by the composition of 
point functions, etc., etc. 


12. New considerations with reference to the relation of 
1ogenety 
1. So far we have been considering isogeneity between 
functions of hyperspaces of the same number of dimensions. 
We are now to generalize this relation so that it will apply 
to hyperspaces of different dimensions. Let us consider the 
two regular functions @|[S,]|, ¥|[S,]|, with 7 >z#, and write 
O® ov 


Cy Geen Se eee hae SS = : 
I(x, Ase Kay) Hee tyy 9 O(%,, mints i) Beste 


We shall say that ® and W are isogenous when the follow- 
ing conditions are satisfied : 
T+2 
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In the case where 7 is equal to t, these equations imply 
that the functions not only are isogenous in our first sense, 
but also that they are elementary. Conversely, if two ele- 
mentary functions of hyperspaces of the same number of 
dimensions are isogenous in the sense of section 6, they are 


also in the present sense. 


2. It is easy to show that every function which admits ® 
as divisor 1s 1sogenous to V. In fact, if we take 


Ma lng 9 
= — 1°" Fo? 
Cy “+ to49 — Pant I) Dy Tip A742, + 0429 


0+3 
8 — 
we shall have ee 1) C4, See Winter =0, 


which proves the theorem. 


3. We can now generalize a theorem given in section 7, 
article 2. We have: 


The necessary and sufficient condition that | [S,] | shall be 
isogenous to the elementary function W |[S,_.] |, 15 that 


(2) © |[S,]| =(¥, ©). 


That the condition is sufficient can be shown without any 
difficulty. In order to show that it is also necessary, let us 


write dé i 
> = 7... ye 
A (x4, Bee Rica) tyes try) d(x, Eg nate) 1° Gp p41? 
dO 2 
= Gt 
d(x, x4) er 
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We shall show that if (1) is true, (2) is also true; that is, 
that eee 


di cnet, - 
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in which h, s are 5 of the numbers 1, 2, «+ r— =e is, and 
hy, * -- hy is a permutation of the numbers poe ” “Tinea ee 
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the a I, 2, -++¢+1, then 
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Equation (2’) will then become 
" = rey ae: 
(2 ) isi A 1) 1° Tt By sta ae 
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in which the first sum is extended over all the possible com- 
binations of the indices h,-,42 °** 4,4, which do not contain ~ 
any of the numbers 1, 2, + r—t+1. The second sum may 
be rewritten in the form 


Toy :) ~ 


>(- mice dp Chp, «Ry 2yky 
> (= ae 
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whence it vanishes. ‘The equation (2’’) reduces then to 


(2’”’) a = (= ; Ge) b I 
4) deg > Tay Top gp 1 ppg 2° py 


In particular we have 


Gite =b ssh es 
12, tt], typ 9 tp4y 1,2, -+t41© tpg tay 
so that 

a, 2, --t+1, ty49 one trad 


(3) Cheat = { db bins) 


(x1 ++ Mrs ) 


Now by following a process analogous to that of section 
7, article 2, it is easy to show that all the equations (2’””) are 
a consequence of these last equations (3). And so it is 
sufficient for us to show that the quantities c’, obtained 
from (3), satisfy the conditions of integrability. We have 


in fact 
a 4 Dy, ..-t41, 44.9) tr, 
Kort tee ts dy woe gaat) 


A(x +** Xig1) 


while a’ will be zero if it has less than t +1 of its subscripts 
taken from the numbers 1, 2, ---t+1. If we apply then a 
process of reasoning analogous to that of section 7, article 2, 
we find that the conditions of integrability will be satisfied 
for the quantities c’. 


13. Differentiation and integration 


1. If two functions F | [S,] |, @|[S,] | are regular and 
isogenous, we know that the ratio 


d 
(as. 


\ 


(s,) 
dS,.1 
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will be independent of the hyperspace S,,1, and will depend 
merely upon the point of the space at which the derivative is ~ 


taken. The quantity ¢ will then be a point function for the 
total space of 1 dimensions. We shall denote it with the 


symbol o and call it the derivative of ® with respect to F. 


-As a fundamental theorem it can be shown that the 
derivative of ® with respect to F is isogenous to both of the 
functions ® and F. The proof of this theorem comes imme- 
diately from formula (1) of section 7, with reference to the 
definition given in the preceding section. | 

2. Consider now a point function f isogenous to a regular 
function F | [S,] |. By fixing the direction of the hyperspace 


Sji1 (see section I, article 2) the quantity fe will be 
r+1 5 
defined (see section 3, article 7), and hence the quantity 


dF 
Lee on 


will also be defined. This integral we shall represent by the 


symbol 
if 


Spt 


fadF 


Changing the direction of the hyperspace will change the 
sign of the integral. 

We shall suppose that the hyperspace S,,; is closed and 
forms the boundary of a hyperspace S,,2 immersed in a por- 
tion of the total hyperspace S, throughout which f and F 
have no singularities. It follows that 


dF = oe 
Set P i> a(x, wae 444) hy FS44 
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where the a,,...,,, are the direction cosines of the hyperspace 


G41 
S,1. If we choose properly the direction of the hyperspace 
Sj, and apply the generalization of Stokes’s theorem (see 


section 4) we shall have 


if jah ee py Bi,... Ps Ge 110 ve fenifep 1 42)dS 44 


0x4, 
; i 
= ib > is age: t42 PS, (- 1) Pore bg ates a ty 42 ax, 
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Hence we have the theorem expressed by the formula 


(1) J, faP=o. 


If, instead of a single hyperspace S,4, we have the hyper- 
spaces S), (i=1, 2, ++ 2) which bound a space S,+2 within 
which there are no singularities for f or F, we shall have the 
formula: 


e) > Le, shoe ae 


in which the directions of the hyperspaces S{9, are all to be 
chosen with reference to the conventions adopted for the 
generalization of Stokes’s theorem. 


The theorem enunciated in the formule (1) and (1’) 15 the 
direct extension of Cauchy’s theorem. 


3. Let us take away from the total hyperspace all those 
portions in which either f or F have singularities, and then 
‘ntroduce cuts in such a way that every closed hyperspace 
S.41 may be taken as the complete boundary of a hyper- 
space S,42. 


98 The Generalization of Analytic Functions 


Take two hyperspaces S?, S; such that a hyperspace Sy41 
can be drawn to have them for its boundary, and choose the 
positive direction of S? and the negative direction of S} so_ 
as to correspond by the theorem of Stokes to one direction 
of the hyperspace S,,;. With the direction of S,,; fixed in 
this way, the integral 
(2) es 
will be determined. 

It is easy to show that the value of the integral (2) will not 
depend on the hyperspace S,,:, but merely on S? and S,. 
In fact if S{,1 is another hyperspace which has these same 
two spaces for its boundary, the totality of S,.1 and S},, 
will form a closed hyperspace, and from the hypotheses that 
we have made, we shall have 


Je 1tS,41 faF = . 


from which the desired property follows. 
Therefore the integral (2) can be indicated by the expres- 
sion 


(2’) Soo'f4F. 


By changing the direction of S,,1 we change the sign of the 
integral; hence we may write 


(3) Spr faF =— Scrap. 


4. If we keep fixed the hyperspace S? and vary S!, the 
integral (2’) may be regarded as a function (regular) of S!, 
and we can write 


(4) So faF = | [8]. 


ae oa 
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The function ® will be tsogenous to F and we shall have 


2 d® 
(5) ay es I 
that is to say, the two operations of integration and differentia- 
tion are mutually inverse. 


14. Isogeneity of order r 


1. A system of elementary functions will be said to have 
isogeneity of order r when all the functions of order greater 
than or equal to 7, which are obtained from the system by 
means of composition (see section 11), vanish, while there is 
at least one function of order r —1 which does not vanish. 
All the elementary functions ®| [S,]| of the system must de- 
pend on certain functions 1, $2, *** ¢:, +: in such a way (see 
section I0) that 


o® se d(gr, zs bi,41) a 
O(%, non Xtras) o3 d(x, Se a = (hi) $1, cs Pry) 


2. We have immediately the following theorems: 


The necessary and sufficient condition for isogenetty of order 
r that 1s 


(1) ddr, “°° Piper) _ 


O 
d(x, aes X44) 


for every possible combination of the numbers 11, +++ bt, 11, 


ae aie 
A function of order r— 1 is always 1sogenous to any other 


function of the system. 

In fact from (1) it follows that every function of order 
r—1 is isogenous to the functions of order zero of the 
system, that is, to the functions 4,. “We shall have 
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then 
0b BE (ye 1 nM by iPass) 
Vash, +++ hy pas O(s,%, <n) pa Ox,, d(Xp, eee Xn) i 
t+1 


0 
= >(-1 Sa aie 
1 OX, 
And if we let y | [S,1] | represent one of the functions of 
order r — 1 of the system, and write 
oy = 
Oem) 
we shall have 


r+1 
$ 
Dee 1) Pty by—1t541 tg Ugh, son Ng 
1 
Oy, 


=S(-y-w,3 (=1) pee a ae 
1 rs bese Oe 

Every function of order r —1 admits as divisor another func- 
tion of the system of lower order (see section If, article 3). 

3. Let us consider specially the functions of the system 
of order zero; that is, the functions ¢1, $2, -+-¢, -*. By 
means of the equations (1) we know that there must be r of 
them, 1, $2, ***¢,, independent, of which all the others are 
functions, and conversely, that every function of 1, d2, +++ o, 
will be an elementary function in the system, and will be of order 
“ETO. 

If we take two functions ® and F of order r — 1, they will 
be isogenous, and we shall have the relation 


d® 
(2) dF es $(¢1, gz, °° ;)» 


Further, if we take an arbitrary function ¢ of order zero, 
that is a function of ¢1, ¢2, «++ ¢,, we shall have 


(3) JS odF = 0, 
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where S, is the complete boundary of a space S,,, within 
which ¢ and F have no singularities. If we have 


F=(41, $2, ++ hy), 


then (3) can be written in the form 


d(q1, do, Say ¢,) 

d(@y, ®, eee ,) doy, dws, SAeKs, do, — O, 
@,, +++ @, being the parameters of the hyperspace S, (see sec- 
tion I, articles 1, 2). If we take 


dd, 
Fg dw, 


digi dopi ++ ddr 
we shall have f ¢ dip, dads = gre 0, 


did, do, an do, 


re ddr, 


which is but a generalization of Cauchy’s theorem (see the 
preceding section) put in a different form for the case of 
the elementary functions. 

If S, is not closed, but is bounded by two hyperspaces 
St_, and S,_;, of which the first is fixed and the second vari- 
able, we shall have defined the expression 


didn Ait dy 
Sp—1 
® | [S;-a] | =f p|: 
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Third Lecture 


ON THE THEORY OF WAVES AND 
GREEN’S METHOD* 


SECTION I 


ET a homogeneous liquid be subjected to certain forces 
and let it occupy a domain S. Let this domain be 
limited by a frontier « which is composed partly of a set w’ 
of rigid boundaries, and partly of a free surface w, where the 
pressure is P. 

Let us suppose that the state of equilibrium is stable. We 
shall study the small oscillations of the fluid when it is dis- 
placed from the state of equilibrium. 

The hydrodynamical equations of Lagrange are 

Ge On Ne Oe es ee ( ) 

a ee ee 

dt? is dt? Bap ce dt? OX OXo p 

x Ox Sa) = Oy > ee eel ( F 

Bi ON EY Oe 

dt Te dt? aa dt? AVo AYVo 

2 2 2 
ax ox ay dy , a = Oe (v-*) 


dt? yore dt? 0Z%o dt? 2) Zp 


where x, y, z, denote the coordinates of points of the fluid at 
time #t, x0, Yo, 20 the initial coordinates, V the potential func- 
tion, P the pressure, p the density. 

2. Let xo, Yo, 0 be the coordinates which correspond to the 
state of stable equilibrium, &, n, § the components of dis- 
placement of each particle with respect to its position of 
equilibrium. 

Then x= Xo +E, Y= Jon, B= zoe 


* Translated from the French by Professor Percy John Daniell, of the Rice 
Institute. 
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_ If we consider the displacements as infinitesimals of the first 
b order and if we neglect terms of order higher than the first, 

the equations (1) become 


PO ( <i 
dt? Axo B ") 
Se 


dt? ayo £ ) 


ees 


For simplification the indices 0 are suppressed and-w, Yj 
denote the codrdinates of each particle in the position of 


equilibrium. : 
as z # a ae ") 
2 
a = - oo s) 
Qs - 
| ear-5 


The condition of incompressibility can be written as 


0& , On, OF _ 
Ween ae ea 
On account of (2) we can put | 
see: 
ax’ dy’ 
® being the potential of displacement. 


Then the equations (2) become 


(2) 
(3) 
a® 
Oz” 
(4) 


where c is constant with respect to x, y, %, but may vary with t. 
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The equation (3) becomes 
A’h = o. 


TON NREL (RTC 


ab WAAR 


At points of the liquid where it touches the rigid boundary 
Ecos nx+ n cos ny+f cos nz= O, 
if 2 denotes the normal to the boundary. 


OP 


—— = 0: 
on 


This condition becomes 


3. Let us return to the equation (4). If we put 


= +c=H 
p 
; d’® , 
the equation (4) becomes an H. (4’) 


The free surface of the fluid has been denoted by w. Let us 
suppose that the potential function V and the pressure P, 
which correspond to each particle of fluid belonging to w are 
functions of the codrdinates of the point occupied by the 
particle independently of the form of the liquid. If this 
hypothesis is not correct, since the displacements are infini- 
tesimal, we can neglect the variations produced by thechanges 
in form of the fluid so that we can always proceed as if the 
hypothesis were correct. 

In the state of equilibrium H is constant on w. Therefore 
the equation of this surface will be 


H = H>= constant. 


Let us now calculate H when a point of the surface w is 
displaced when &, », £ are the components of displacement. 
If we neglect infinitesimals of a higher order than the first, 


H= Ho ett? +o. 
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Then putting ?= (2Hy ee decay 
0H 


ies A cos Nx, mee cos ny, ot d cos 72, (5) 


when 7 is the normal to the surface w. 


Then H= H+ (Ecos nx +n cos ny + ¢ cos nz) 
= Ho +r; 
On 


combining this with equation (4’) 
ob 


oe? ve 
ap Hot 
02 od 

or = A—, 
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since ® is determinate except for a quantity which is con- 
stant with respect to the time. 
Let us take the normal 7 as directed toward the interior 
of the fluid, and let us suppose that Pos increases on 
p 


moving w and following the positive direction of n. 


Then when 1 is positive, oH >0, 


or by virtue of the equations (5) 
Ci oe cos nae + cos ny +o COS NZ = i, 
on oy Oz 


it follows that A >o. 
The problem of waves can be presented in the following 


manner. 
4. To determine a function & regular within the domain S 


which satisfies the equation 
(A) A’b=0 
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within S and which in the part w’ of the boundary satisfies 


the condition 
o® 


and in the part w satisfies the condition 
ob od 
See 

(©) of an’ 


where ) is a positive quantity independent of the time, and 
n is the normal to the boundary directed toward the interior 
of the domain S. 


SECTION 2 


1. We can make a comparison between the problem we 
are about to consider and that of the vibrations of elastic 
media, and other problems of mathematical physics. The 
problem of the vibrations of elastic media is based upon the 
equation = 
ae = ar Au. (6) 


The problem of the propagation of heat in the case of varying 
temperature leads to the equation 


= alh?y, (7) 


The problems of potential and of stationary temperatures 
in isotropic bodies depend upon the equation of Laplace 

A’W =o. (8) 
These three equations are respectively of hyperbolic, parabolic, 
and elliptic types. 

The question we have considered in section 1 belongs to 
the elliptic type on account of the equation (4) of section 1, 
which is the equation of Laplace; but it is the condition 
which must be satisfied on the surface w of the boundary 


Sit tate aan eM et 
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which leads to the essential difference between this problem 
and the problems of potential and stationary temperatures. 
In fact, in the problems of potential the conditions at the 
boundary are reduced to that of giving the values of the 
unknown function or of its normal derivative; in those of 
stationary temperatures a linear relation between the un- 
known function and its normal derivative is known. But in 
the case of waves the condition at the boundary (equation 
(C) of section 1) introduces a new variable, the time, which 
makes the problem one of four variables. In respect to the 
number of variables the problem of waves is similar to the 
problems of vibrations and varying temperatures. It differs 
from them, however, because equations (6) and (7) have real 
characteristics. There are no real characteristics in the 
problem of the waves of liquids. We shall give a theorem 
in section 3 which will show the difference, from a physical _ 
standpoint, between waves in elastic media and waves in 
liquids. 
2. There are two general methods in which the different 
problems we are investigating can be treated. 
That of the separation of variables consists in separating 
the time from the space variables. 
Let us put in the equation (6) 
U= sin mt: u(x, y> Z), (9) 
where m is a constant. 
The equation becomes 
mu+ oA2u = 0, (10) 
where the time has disappeared. If, for example, on the 
boundary U= 0, u must be taken = othere. We are led to 
find values of m for which the previous equation has solutions 


which are not identically zero (special solutions). The gen- 
eral solution is obtained by forming an infinite series of 
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solutions of the form (9) multiplied by arbitrary constants 
of such values that U and = a for t=0 ie the values of 


the given functions of x, y, z. 

The question of determining the special solutions has been 
resolved by Poincaré; the theory of integral equations has 
been used and Mr. Hilbert, Mr. Schmidt, and others have 
founded the theory of series of special solutions. 

Similarly an analogous process can be employed for 
equation (7) if we put V= e™v(x, y, x); that is to say, by 
separating the time from the variables x, y, 2. 

Equation (7) reduces then to 


20) — 
mov+ ah?y= 0, 


which is exactly analogous to equation (10). 

3. The same method of the separation of the variables 
can be applied to the problem of waves in liquids. 

If we put ®= sin mt $(x, y, z) equation (4) of section 1 
becomes 


A’ = 0, 
equation (B) is — O, 
Ou 


and equation (C) must be replaced by 


dg 
mp -- on =0. 
Here again the values of m corresponding to solutions ¢ 
which are not identically zero (special solutions) must be 
found. 

By series of special solutions the general solution can be 
obtained. To calculate the values of m the method of Poin- 
caré with those of integral equations can be used. 

4. But we wish to set aside the process of the separation 
of variables and to pass on to the other general method. It 


ye 
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is the method which is connected with the ideas which 
Green used for the first time for the equation of Laplace and 
which, little by little, has been also used for other types of 
equations. By this point of view Kirchhoff arrived at 
his celebrated formula which expresses the principle of 
Huyghens. He applied Green’s method to equation (6). 
Betti has also applied an analogous method to equation (7). 
We wish to show that a general formula can be found in 
the case of waves of fluids of a type which presents some 
analogies to these formule. I have had occasion to mention 
this formula without giving any development from it in 
my lectures at Stockholm. We shall now develop it and 
demonstrate in detail some applications of it. | 


SECTION 3 

1. We shall begin by demonstrating in this paragraph 
some general theorems. 

First Theorem. If ® is the function which satisfies the 
conditions (A), (B), (C) of section 1, it 15 determinate if the 
values ®p, (= =), of ® and (= oO) for t =0 on the surface w are 
known. 

Demonstration. Let ®1, 2, be two functions which satisfy 
the conditions to which © is subjected. 

Their difference ®; = ©; —®, also satisfies the equations 
(4), (B), (C) and further we have 


euro (i), 


for t=o on the surface w. 


Let us now calculate 
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On account of equation (C) we shall have 


9= (GH Le) ae) 
_ =o and therefore 


But on w’ 
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Applying a well-known transformation, 
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a8; ., 
a + f 4 arbedS. 
The third term = 0; then 
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and it follows that 


~ ca ee 2) |=0. = 
Fld Ae *) de +f{( a dy Tae ésis 
Integrating with respect to the time, 


SY aot f | Gey +) +) | as=6 


where ¢ is constant with respect to the time. 

Then if (®3)) = 0 for =0 on a, since ae =0 on w’ (®3), 
must be zero in the domain S. Consequently, the second 
integral in the formula (11) will be o for t=o. In the 
same way, since (228) mo, the first integral will be o for 


t=o. It follows that c=o0, and the conclusion can be 
drawn that ©; will be o for every value of ¢ and therefore 
Pi = G2. Q. E. D. 


ee eh ee 


On the Theory of Waves and Green’s Method 111 


2. Second Theorem. If at a certain instant the molecules 
belonging to a part of the domain S are not displaced from the 
position of equilibrium, any molecule of the fluid 1s not dis- 
placed from the position of equilibrium. 


_ Demonstration. If &,n, § are o in any part of S, ® will be 


~ constant in this part, and since it is an harmonic function 


regular in S, it will be everywhere constant. Consequently 
E, n, ¢ will be o at all points of S. Q. E. D. 


Third Theorem. If at a certain instant the molecules 
belonging to a part of the domain S are not displaced from the 
position of equilibrium and have no velocity, the fluid will 
remain always in the position of equilibrium. 


Demonstration. If & 7, ¢ and de ay are O in one 


dade at 


part of the domain S at a certain instant, ® and a? will be 


dt 


constant in this part and therefore they will be constant in 
the whole domain S at the same instant. By virtue of 
the first theorem they will be constant in S at every instant 
and consequently the liquid will have no motion. Q. E. D. 

3. These propositions show us the essential difference 
which exists between waves in liquids and waves in elastic 
media. In elastic media the motion is propagated with a 
certain velocity from one part to another; in liquids the 
motion reaches the whole mass contemporaneously, at least 
when the fluid does not remain in a constant state of equilib- 
rium. In the case of liquids there is no propagation of 
motion and consequently one cannot speak of the velocity 
of propagation. . 


SECTION 4 


1. Let & and W be two functions which satisfy the con- 
ditions (4), (B), (C) of section 1. 


SS 


. on on acount of of (B) = Le | 


< oa this cone = 
se oy f+): =O. 
S({2 at = 
Let us now suppose that 

Yar +x, 


ee ee 


where r denotes the distance between a point 4 (xo, yo, ) - 
interior to the domain S and a point (x, y, z) and where x isa 
regular function. Then the preceding formulz are no 
longer valid for they presuppose that y is regular in the - 
domain S. In this case formula (12) must be replaced by 


4re.t J (Oot aa yee) do= = (2’) 


where ® 4 denotes the value of ® at the point 4. 


a Ce, 
ad os 
re bem Ni nae ee en tees 


seg oe rg pl PhS neh 


= BGS Ge 
Then 4 th, = 3 at a(¢ at yv 28) Ow. 


fon @ temrrg cet 


Integrating between the limits o and #;, we obtain 

ade oY) = (2 I | 

anf baat S| o(& é v1 a) i : .: 
ONS (OT 

+f a(@ vel ae r oe 


Lipton pa 


panned tid 


ea ae El APSE ore 
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where ¢, ¥4 (22) (2) denote the functions ¢, y and the 


derivatives = ae for t=t, while do Yo (22) (24), SN the 
same quantities for =f. Let us now suppose that y, and 
(#) are 0 ON w. 
Then 

0 


(D) ®(%o; Yo 0 ty) ae = is { o( St) —va( 3), | : dw. | 


The above formula gives us a knowledge of ® at every 
point in S and for every value of ¢ when the values of ¢o 


(22), are known on w. (Compare with the first theorem of 


section 3.) 

It is necessary to calculate further the function W and 
consequently x. This function plays, in this case, @ part 
which can be compared with that played by Green’s function. 


It must be remarked that y and (2) should depend on t1 
0 


since y, and (2) should beo. ‘The variable ¢, appears then 
1 


:n the second member of the equation (D) because it is con- 
tained in Y% and (2) ; 
: dt /o 


SECTION 5 


In this paragraph we shall give some applications of the 
fundamental formula (D) of the preceding paragraph. Let 
us suppose that S is a sphere of radius R and that w is the 
surface of the sphere in such a way that there are no rigid 
boundaries. 

Let us put 

y=dor 


(t; — t)? ica 
=O pO at 


es — = oe 


5 = Sie 


where 4’ denotes the image point of 4 with respect to the 
sphere, ry, is the distance of the point 4’ from the point — 
(x, y, z), J is the distance from the center of the sphere to 


the point 4. 
Then pte eek 


* 


Let p be the radius vector, the pole being at the center of the 
sphere; then 


dn dp a aia as Saree 
0 ; fii) ate 
oy = ta 


Consequently on the surface , i.e. for p=R 


0ao 0a, 0a 
SOU ee a2, Sha a4, Sa Qo, 2°» 


Since ay is known, the regular harmonic functions da, a4, ag «++ 
must be determinate when their values on the boundary of 
the sphere are known. + 


| 
a: 
y 
q 
{) 


i 


ppoutneseras ia ueeeiaed 


set 


abibiccenoas ial tent 


CSL 6 i TM Oe 


nn ater i LaF OT eu 


le te a aay ae a 


A r 
o > Soeaieehas 
ba at ad pw an Abe seh = 


ey 


mire iv veterectrmnr a nant = Ver oe 
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Let us begin by transforming the expression for a. Let 
us denote by y the angle between the lines joining the center 
of the sphere to the points 4 and (x, y, z). : 


I R I 


ee Oe EE PL oe pee 
(2 + p? — 2lpcos7) fe 22 pcos) 


Then 4d 


a ea I ] 
Rodp Rdp (2 + p?—2Ipcosy)? 


pe ee ee 
Rodp| 1 (R R ; 
]P Eran B ron) 
is a harmonic function which is equal to = on the surface 
p 


of the sphere ; but it is not regular in the interior of the 
sphere. In fact, the first term of the second member becomes 
infinite for p=/, y=0. Then to calculate a, we cannot 
take the previous expression and multiply it by —A for ae 
must be regular in the interior of the sphere. But the fol- 
lowing artifice may be used to calculate a2. 

Let us transform the first term of the second member by a 
transformation of reciprocal radii with respect to the sphere 


and let us multiply by BPoT he expression remains harmonic, 
p 


possesses the same values on the boundary of the sphere, 
but becomes regular in the interior. To make the trans- 
formation of reciprocal radii it is sufficient to replace p by 


2 . e 
R’. Thus the first term of the previous expression becomes 


p 
R?—Ipcos y 


(2p? — Rt —2 IR%p cos y)) 
The second term equals 
pl(lp — R? cos ¥) 
(Ré + Pp? — 2 [R°p cos 7)" 


2 
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It is found then that 
Pp? — R* 
RL Byes 2 lpRicosyt 


In calculating a4, ag -++ there are no more difficulties and 


cl [ R-P p? ] 
pL Rt + Pp? — 2 1pR?cos 7)? 


a= ve 


ae ee ral 
R @ log pL (Rt+ Pp? — 2 IpR?cosy)* 
In — 


=(-1)"2 as [ R- 
ra *A(log p)" LR4+ 2p? —2 a cos y)t 
Consequently, 
INE ais 


mes > Some ce O(log ep)" 


[ R* — Pp? |e Set)one 


Ri + 2p? — 2 IpR? cosy)? 2n! 


n-1 x” ga 
= (ox I) ‘Re! O(log 7 ie 


[ Rt — [2p? |@ — 1)" 
(R + 2p? — 2 IpR? cos y)* (z2n—1)! 
In order to calculate the formula (D) of section 4 it is 


necessary to evaluate po and (*) , that is to say, to put 
0 

t= 0 in the previous series. Further it is the values at the 

surface of the sphere which have to be found. Finally, this 

expression must be derived with respect to 4. 


Let us then adopt polar codrdinates and put 


x =p sin 6 cosq, y =psin 0 sing, %2= pcos 86, 
xo=1 sin 0) cosdo, Yo=l sin Oosindo, z= 1 cos A. 


i i te a 
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Then cos y= cos¢ cos dot sing sin do cos (8 — A). 
Let us write 


a n-1 n— 
© (1, 00, bo, 9, o, t) = = (-"" ns grt 
1 - 


2 


| R? Es 2 ] ae 
R2+P—2 Ri cosy)ti@n—! 


Formula (D) can be written 


R , . 
(D,) ®(/, 60, do, t) = = J oi0, oO, 90, Po, 0, ?, t) sin adbd¢ 
Rd 
+25, J 40(0, 6)®U, &, bo, 8, # 2) sin Odede, 


where for simplification we have written 


bo (0, 6) = 0(R, 9, ¢, t),t=0 
; d 
Po (6, ¢) =o [a 6, ~, t) | ,f= O. 


The formula we have been seeking to find is the general 
formula in the case of the sphere. 

If, instead of a sphere, the liquid occupies a hemisphere 
and the diametral plane constitutes the rigid boundary so 
that the curved surface is free, the method of images will 
provide the solution in a similar manner. The same holds 
in the case where the liquid occupies a section of a sphere 
between two rigid diametral planes the angle between which 


T ; : 
equals —, where m is an integer. 
n 


Viro VOLTERRA. 


Se RN nt RO A ET 8 EL A ES 
TN A I SP AA EE aN Re OD 


£ 
= 
* 
‘. 
qe 
> 
t 
4 


